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Abstract

Majority dynamics is a process on a simple, undirected graph G with an initial Red/Blue
color for every vertex of G. Each day, each vertex updates its color following the majority among
its neighbors, using its previous color for tie-breaking. The dynamics achieves unanimity if every
vertex has the same color after finitely many days, and such color is said to win.

When G is a G(n, p) random graph, L. Tran and Vu (2019) found a codition in terms of p
and the initial difference 2A beteween the sizes of the Red and Blue camps, such that unanimity
is achieved with probability arbitrarily close to 1. They showed that if pA2% > 1, pA > 100, and
p > (1+e)n"Ltlogn for a positive constant &, then unanimity occurs with probability 1 — o(1).
If p is not extremely small, namely p > log_l/16 n, then Sah and Sawhney (2022) showed that
the condition pA2 > 1 is sufficient.

If n™llog?n < p < n~1/2log!/*
condition holds if pA > 100 for p in this range, this is an improvement of Tran’s and Vu’s result.

n, we show that p?/2A > n~1/2logn is enough. Since this

For the closely related problem of finding the optimal condition for p to achieve unanimity when

the initial coloring is chosen uniformly at random among all possible Red/Blue assignments, our

2/3

result implies a new lower bound p > n~2/310g*® n, which improves upon the previous bound

of n=3/%logn by Chakraborti, Kim, Lee and T. Tran (2021).

1 Introduction

1.1 Majority Dynamics

Consider a parliamentary election with two parties. The election season begins with Day 0, where
each voter supports one side. At the end of every day, each voter polls their friends, then supports the
majority side the next morning, or keeps their affiliation in case of a tie. On election day, everyone
votes for the party they currently supports and the parliament will be divided proportionally with
each side’s number of votes.

This process can be modeled with a graph process, where vertices represent voters and edges
represent friendships. We let Red and Blue, or R and B, stand for the two parties. The state of
affiliations at any time is simply a coloring on the graph. This process on a graph is called Majority

Dynamics in literature, due to the majority-based updating rule.



There is a vast literature of more general opinion exchange processes, with applications in many
fields. We refer to the influential survey by Mossel and Tamuz [10] for an overview. In this paper,
we focus on Majority Dyanmics and study its final states.

While previous works [7, 5] used £1 assignments in place of Red and Blue, we adopt the
Red/Blue notation to be consistent with a recent paper by the second author and Vu [13], which

uses the following formal definition

Definition 1.1 (Majority Dynamics). Given simple undirected graph G = (V, E), and a partition
V = RU B, the majority dynamics on G with initial sides (R, B) is a process that begins with
Day 0, where vertices in R and B are respectively colored Red and Blue.

For each t > 0, on day t + 1, each vertex adopts the color the majority of its neighbors hold on

day t, or remains unchanged in case of a tie.

On theory, the process goes on forever, but a beautiful argument, independently discovered by
Goles and Olivos [3] and Poljak and Sura [I1], show that after at most |V| days, the process either
stabilizes or alternates forever between two colorings, so we can view them as the de facto final
states. In the settings in this paper, the process will almost always ends in a special stable position
called unanimity, where every vertex has the same color. There is a large and active research
area dedicated to finding the conditions under which unanimity occur. In the next section we will
introduce two main models in the literature, their relationship, and the main questions in each.

Let us first introduce extra notations to aid the presentation.

e Given a coloring (R, B) of V, there is a corresponding map ¢(R, B) : V — {£1} such that
UR,B)(v)=1ifv e Rand —1 if v € B. When the coloring in the context is clear, we simply

use . We will abuse the notation and treat ¢ and (R, B) as the same object.

e Given G = (V, E), and a coloring (R, B) of V, we denote the coloring on day ¢ by (R:, B)

and denote ¢; = {(Ry, By). We will state clearly when we do not follow this convention.

e Given a coloring map ¢, we define the reverse notations R(¢) := ¢=1(1) and B(¢) := £~1(-1).
This makes R; = R({;) and B, = B({;).

e If a Red unanimity occurs, we say Red wins, and analogously for Blue.

1.2 Main models and questions

The graph G and the initial coloring £y may be deterministically given or randomly generated from

some joint distribution. We use the following model:

e (G is arandom graph generated from the Erdés-Rényi G(n, p) distribution: there are n vertices,
each pair of which is connected independently with probability p. The vast majority of works

on majority dynamics use this graph model.



e /y is chosen randomly and independently of G by sampling Ry uniformly among all subsets of

V with n/2 + A elements. This is called the fixed advantage coloring scheme in [13].

The numbers n, p and A are model parameters. The independence between G and ¢y allows
them to be generated in any order, simultaneously or not. In fact, the discussion in [13] shows that

the following models are equivalent (in terms of the joint distribution of (G, ¢p))

1. Fix n vertices and their colors such that |Rg| = n/2 + A, then draw G ~ G(n,p) over them.

2. Fix n vertices and their colors such that |Rg| = |Bo| = n/2, then draw G ~ G(n, p) over them,

then sample a set of “defectors” uniformly among subsets of By of size A and flip their colors.

Tran and Vu were among the first to consider the fixed advantage coloring scheme [14]. They
discovered the “power of few” phenomenon: when p is ©(1), for any €, one can choose A to be a
sufficiently large constant to ensure Red wins with probability at least 1 —e. In other words, bribing
a constant number of people is enough to win in a landslide, no matter how large the population is.
This constant is not large, as it is proven in [11] that for p = 1/2, A = 6 is enough for Red to win
with probability .99. Devlin and Berkowitz [1] later showed that A = 3 is enough for the winning
odd to be at least .6. Sah and Sawhney [12] later lowered this to A = 1, the smallest possible gap.

In real life, the average person knows only a tiny fraction of the population. How many people
need to be bribed for unanimous victory in this general case? Clearly, the density p cannot be
lower than the connectivity threshold n~'logn, otherwise there will be, with high probability, small
connected components with the same initial color. These “echo chambers” will maintain their

affiliation forever, no matter who the rest vote for. Tran and Vu [13] formally posed the question

Question 1.2. Given n and p such that (1 + A\)n~!logn < p < 1 for some constant \, what is the
smallest A = Apin(n, p, e) for which Red wins with probability at least 1 — &?

It was shown in [13] that A = max{C.p~/2,10p~!} for a sufficient constant C. is enough, which
interestingly does not depend directly on n. The authors also conjectured [13, Conjecture 1.11] that

A = C.p~ /2 is the optimal “power of few” value. This has been confirmed for the dense regime,

where p > log™"/* pn in [12]. The case for lower densities remains open.
Another popular coloring scheme, considered by most papers before [14], is the random 1/2
coloring scheme [13]: {{y(v)},ev are i.i.d. random variables taking value in {£1} with equal

probabilities. (This is also equivalent to sampling (R, By) uniformly among all possible partitions
of V.) Consider majority dynamics on G ~ G(n,p) with £y being the random 1/2 coloring. The

main question in this model is

Question 1.3. Given n and ¢, what is the minimum p = puyin(n,€) for which the side with the

initial majority wins with probability at least 1 — €7

This question is related to Question 1.2 in the following way. For any e, there is a constant
¢ such that an initial coloring from the random 1/2 scheme satisfies |R1| > (n + c.y/n)/2 with



probability at least 1 — /2, by the central limit theorem. Therefore, one can replace a random 1/2
coloring with a fixed coloring with A = ©(y/n) to analyze any high-probability event. Question 1.3
is then equivalent to: What is the minimum p such that Apin(n,p,e) = ce/n?

If the optimal “powef of few” value is indeed C.p~1/2, it is tempting to deduce that the optimal
Pmin(n, €) is (C:/c.)n~t. However, the correct answer would be the connectivity threshold, more
precisely (1 + A)n~'logn for any A > 0, to avoid the “echo chambers” effect discussed above.

A very similar prediction was made in the pioneering paper by Benjamini, Chan, O’Donnell,
Tamuz and Tan [3]. They conjectured that p = C.n~! is enough for e-unanimity: the initially larger
side having at least (1 — &)n vertices in the final state. It is likely that resolving Question 1.3 will

also advance the progress towards Benjamini et al’s conjecture.

1.3 Current progresses and new results

Fountoulakis, Kang and Makai [7] made the first progress towards resolving Question 1.3. They
proved that the initial majority side wins in 4 days with probability at least 1 — ¢ in the range
C.n~1/2 < p < 1 for a sufficient constant C.. Interestingly, their proof first translates the context
into the fixed advantage coloring scheme with A = ©(y/n), without explicitly defining this scheme.

Tran and Vu independently defined the fixed advantage coloring scheme and discovered the
“power of few” phenomenon for p = (1) in [I1]. Their second paper [13] united progresses in
both models, extending “power of few” for (1 +A\)n~tlogn < p < 1 (the best possible range) and
reproducing the main result of [7] (with an extra day), and posed Question 1.2 explicitly.

In a recent breakthrough on Question 1.3, Chakraborti, Kim, Lee and Tran [5] proved that the
initial majority wins in 5 days with probability at least 1 — ¢ if p > C.n=3/5logn for a constant C.,
and conjectured that their approach can be improved to work even for p > C.n=2/3logn.

Our main result pushes the boundaries towards both questions and resolves the conjecture in

[0], even achieving a slightly better logarithmic factor.

Theorem 1.4. Consider majority dynamics on a G(n,p) random graph G and a fized initial coloring
ly with |Ro| > n/2+ A. For every e, there is a universal constant C' and constants Ce and N only
depending on £ such that if n > N,, n~1/2 log1/4n >p>Cntlog?n, and A > Cop=3/2n~21ogn,
Red wins within O(log,, n) days with probability at least 1 — €.

—1/2 logl/4 n > p > Cn~'log?n, the theorem above gives the answer

In other words, in the range n
A = C.p~3/2n=1/21og n for Question 1.2. This is better than the answer max{C;p*1/2, 10p~1} in

[13] for p the above range, since

/
Cop 3?02 logn = Cclogn < Ce < max{lo Ce

pypR Bg /2p — } , given C. is large enough.

p’ p'/?
Theorem 1.4 also gives the answer p = C.n~2/3 logQ/ 3n for Question 1.3, improving on the
answers C.n~%/%logn in [5] and Con~'/2 in [7] and is the best known so far. This is also the best

(in terms of power of n) one can get from the approach in [5] (see the next section for details).



Corollary 1.5. Consider majority dynamics on a G(n,p) random graph G with a random 1/2
initial coloring. For each € > 0, there are is a constant C- > 0 such that if p > Con=2/3 log2/3 n,
then the initially larger side wins within O(log,, n) days with probability at least 1 — ¢.

Proof. Let Ug respectively be the event Red wins. Define Up analogously and let I = Ur V Up. For
each A, let Ea be the event that |Rg| = n/2 + A. The following fact is due to, e.g. [5, Lemma 3.1]

and [7, Lemma 3.1]: there is a constant ¢, > 0 such that

> P(€a) =P (max{|Rol. |Bol} = T+ V) 21— <. (1)
|A|ZC€\/ﬁ
We also have
PU)> Y PU|EANPEN+ Y. PU[EAP(E L) —e/3. @)
A>ce/n A>ce/n

Take the constants C' and C. from Theorem 1.4. Suppose p > A.n~2/3 logQ/ 3n for a constant A, to
be chosen later. Then clearly p > n~!log?n. For each A > c.\/n, we have Ap3/2p1/2 > cz_:Ag/2 logn,
Choose A. so that caAg/ 2 C., we can then apply Theorem 1.4 to get, for a constant C1,

C1log%n 51 Ch

> 21— —5=— - :
PU|EA)>PUR|EA) > 1 AZpdp — 2A3

Now choose A. so that c2A2 > 3C} /e, the right-hand side is at least 1 — &/3. Then by symmetry,
PU | E-A) > 1—¢/3. Therefore, Eq. (2) becomes

€ € € € e\2 ¢
Pz Y (1-5)Pes S-(1-5) Y pes t=(-9) fa1e
> 3 3) P —3 3) 2 Pla)-3=> 3) 3= °¢
|A[>cev/n |A[>cev/n
where the second inequality is due to Eq. (1). The proof of Corollary 1.5 is complete. O

Next, we comment on the theoretically optimal answers to Questions 1.2 and 1.3. We will show
that the results by Tran and Vu [13] and Fountoulakis et al [7] are the best possible for any “first-day”
approach, while Theorem 1.4 and Corollary 1.5 are the best for any “second-day” approach. The

exact meanings of “first-” and “second-day” will be clarified in the next section.

1.4 Theoretical limits for “power of few”

For convenience, let A; := 3(|R| — |By|). In their seminal paper [3], Benjamini et al predicted that

for p > (1 + A)n~'logn, the dynamics progresses in two phases (assuming Ag is large enough):

1. Slow expansion: The Red advantage grows by a ©(,/pn) factor every day, until it is more

than 2en, for some small constant ¢ (meaning Red has more than (% + 5) n members).

2. Landslide: Once the threshold (% + 8) n is passed, the Red camp rapidly converts everyone.
Blue will shrink by a ©(pn) factor every day, leading to a Red win after O(log,,, n) days.
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All papers in majority dynamics that we know of so far follow this roadmap.

The landslide phase has been proven to happen regardless of the members in each side, indepen-
dently in [7] and [13], the latter for the whole range p > (1 + A\)n"!logn.

In fact, it is shown in [13] that once Ay = C', /% for some sufficient constant C' (the day before
the landslide), the graph is so well-connected that Red wins no matter who its members are.

The slow expansion phase is tricky because the advantage has not reached a point where one
does not need to care about the members of each camp.

Most arguments so far deal with this phase as a whole, meaning they choose some k and prove
directly that A, > C \/% , rather than showing Ay > ¢\/pnly_1 for all 1 <t < k. The latter is
very hard to prove since for ¢ > 2, one does not have the independence between the Red and Blue
neighborhoods of a vertex v to analyze ¢;(v) anymore.

The approaches by Tran and Vu [14, 13], Fountoulakis et al [7], and Devlin and Berkowitz [1]
and Sah and Sawhney [12] are first-day approaches, since they avoid this loss of independence by

proving Ay > C \/% under the right conditions. One needs Ay = A to be large enough for this to

hold, and since A; = ©(Ag,/pn), one needs A = Q(Cp~!) for this aproach to work.
The approach by Chakraborti et al [5] and this paper is a second-day approach. We do not
make any statement about A; and prove directly that Ay > C’\/%. Since Ay = O(Appn), the best

one can get out of this approach is A = Q(p~3/2n=1/2). This means Theorem 1.4 is optimal for any
second-day approach, except for the log factor.

What does an optimal value for A look like? To kick off the first phase, we need Aj to not
be too small. The analysis in [13] shows that A; (as a function of the random graph G) has
expectation ©(A,/pn) and standard deviation ©(y/n). Informally, we need E [A;] > C.+/Var [A]
for a sufficiently large C. to assert that Ay = Q(E[A;]) with probability at least 1 — . This implies
A > C.p~1/2 is the lowest possible advantage. This has been reached by Sah and Sawhney [12] in
their breakthrough paper for the dense regime. To extend it to the lower densities, one likely needs
to find a general k-day approach to deal with the slow expansion phase.

When translating to the model with the random 1/2 coloring scheme to find puyin(n, €), it is not
hard to see that the results of Tran and Vu [13] and Fountoulakis et al [7], namely p = Con™/2 are
optimal for any first-day approach; while Corollary 1.5, which gives p = C.n~2/3 logZ/ 3n, is optimal
up to the log factor for any second-day approach.

The rest of the paper is organized as follows: In section 2, we prove Theorem 1.4 after introducing
two technical lemmas. These lemmas will be proven in section 3. Section 4 is reserved for utility

estimates on binomial random variables used throughout the proofs.

2 Proof of main results

2.1 Notation and proof sketch

For the proof, we will add many new notations. The ones currently in use are also reminded here.



For u,v € V, let u ~ v denote u and v being adjacent.

For each v € V, let N(v) be the set of v’s neighbors and d(v) := |N(v)| be its degree. For
each subset S C V, let dg(v) := |[N(v) N S|.

Let a1 Vag V...V ay, :=max{a;}]"; and a1 Aag A ... A a, :=min{a;}]" ;.

When three terms X, Y, E satisfy | X — Y| < E, we write X =Y + E. While this notation

does not obey standard arithmetic rules, we only need the following trivial properties:

1. Forall X,)Yandall E>0, X =Y+ Fe X -Y=+F&Y=X+FE.
2. Forall X,Y,Z and all E1,E2 >0, X =Y+ EZANY =Z+ FEy — X =7+ (E, + E?).

When X, Y and E are functions of n, and |X — Y| = O(F), we write X =Y + O(E).

Let ® be the standard Gaussian CDF, i.e. ®(z) := (2m)~ Y2 [¥_ e /24t

When z(n),y(n) are positive functions and lim inf, % = ( for a constant C' > 0, we
write z(n) 2 y(n). If imsup,,_, % =0, we write z(n) < y(n).

For a coloring (R, B) on V, the corresponding coloring map is £ = (R, B) : V' — {£1} such
that ¢(v) =1 for v € R and —1 for v € B. Conversely, we write R = R({) and B = B({).

For subsequent days, we let Ry = R({;) and B; = B({;) and in turn ¢; = ¢(Ry, By).

The proof of Theorem 1.4 follows closely the structure of the argument in [5]. Our main

innovations include repeating the computations in a more general setting by replacing the initial

gap of ¢y/n in their paper with the parameter A, and improving [5, Lemma 1.3] by handling some

expressions more delicately with precise cancellations.

For the sake of completeness, we will present the entirety of the new proof, except where results

from [5] and other works are used explicitly. The proof follows two steps, as discussed in Section 1.4

Slow expansion. We show that with high probability |Rs| > § 4+ CApn for a constant C.

Landslide. We use results from [13, 7] to show that Red wins within O(log,, n) days from the
third day.

Per the discussion in Section 1.4, the bulk of the technical challenge comes from the first step.

The next section will outline the intuition behind our approach, including a crucial perspective

change that makes the second-day approach work.

2.2

First Two Days

Below is the main result of the first two days:



Lemma 2.1. Consider a majority dynamics process on a random graph G ~ G(n,p) with p < en~1/2

for an arbitrary constant ¢, and an initial coloring ¢y with [n/2 + A] Red vertices. There are
universal constants C' (large enough) and ¢ > 0 (small enough) so that the following holds: For each

€ > 0, there is a large enough constant C. such that if
pn > Clog’n  and Ap3/2n1/2 > C:logn,

then with probability 1 — e, we have ), oy l2(v) > 2cApn, meaning |R({2)| > n/2 4 cApn.

The approach in [5] is to first consider a balanced coloring Zo, where each side has n/2 vertices,
then draw the graph, then uniformly sample a set S of A “defectors” from B (Zo) and flip them to
form £y, meaning R({y) = R(ZO) us.

If one compares Zl and /1, some vertices in will have their day 1 color switch from Blue to Red.
If enough such switching happens in N(v), the odds of v turning Red increases significantly.

This motivates the following definition:
Definition 2.2. Given D > 0, a vertex v is D-almost Red if 3, ¢y, Zl(u) > —D.

This generalizes the notion of almost positive vertices in [5].

In the proof, we will choose D = @(Ap?’/ 2pt/ 2) with an appropriately chosen linear factor. This
ensures that with high probability, after A random Blue vertices defect to form fy, each of the
D-almost Red vertices has more than D flipping neighbors, making them Red in day 2.

We formalize this idea in the following two lemmas. The first states that from a balanced initial
coloring, there will be 5 + C \/% D-almost Red vertices, waiting to flip on day 2 after the defection.

Lemma 2.3 (Stronger Lemma 1.3 in [5]). Consider majority dynamics on a random graph G ~
G(n,p) with p < n~/2log"*n and an initial coloring o with [n/2] Red vertices. There are
universal constants Cy, Cy such that the following holds:

If pn. > Cy log? n, then for every constant B > 0 and D such that B,/pn > D > C3logn, there
is another constant cg > 0 depending only on B such that the number of D-almost Red vertices in
G is at least § + CBD\/% with probability at least 1 — O (loan)'

2 12
cgD

The second lemma states that after the initial defection, every vertex v will have many neighbors
that defect after day 1. If v also happens to be D-almost Red, for a small enough D, v will defect
after day 2.

Lemma 2.4. Consider majority dynamics on G ~ G(n,p) with an initial coloring Uy with [n/2]
Red vertices. Suppose that Ap3/?n'/2 > 16logn and pA < B for some constant B > 0. Suppose a
set S of defectors is sampled uniformly among subsets of B(z\o) with size A to form the coloring
lo. Then there is a sufficiently small constant cg > 0 such that, with probability 1 — O(n~1), every
v €V has at least cgAp>/*n'/? neighbors u such that Zl(u) = —1 but {1(u) = 1.

The proof of these lemmas involve heavy calculations that use many precise bounds for the
binomial distribution, so we put them in Section 3.

Assume for now that these two lemmas hold, we can prove Lemma 2.1.



Proof of Lemma 2.1. Fix ¢ > 0. Suppose pn > Cjlog?n for the C; from Lemma 2.3 and
Ap3/2nt/2 > C.logn for some C. depending on e. We will show that one can choose C. large enough
to have [Ra| > § + 3\/% with probability at least 1 — e.

Suppose Ap < 10 for now. Let ¢; be ¢19 from Lemma 2.4 and let D = ¢;Ap*/2n!/2. Then with
probability 1 — O(n~!), everyone has at least D neighbors that flip after day 1.

We condition G and S on this event. Now every D-almost Red vertices will flip after day 2, by
Definition 2.2. We want to apply Lemma 2.3. We have 10c1,/pn > D > ¢1C; logn since pA < 10.
Let B = 10c¢; and co = cp from Lemma 2.3. Take C5 from this lemma, we ensure that ¢;C. > C5 to
apply it. We will get at least § + CQD\/% = 5 + c1coApn D-almost Red vertices, with probability

Alog?n
c3D?

For the fail probability to be not more than e, we want C. > ¢y L /A /€. So we can choose

at least 1 — for some universal constant A.

C. = 2051\/A/5 vV cfng

to satisfy the conditions of both lemmas.

Now to be able to choose D at all, we need 10c1,/pn > C.logn. However, this is only needed
if we follow the second-day approach so far. If 10c¢;,/pn < C.logn, this means pA > 10 so the
first-day approach in [13] implies Red wins with probability 1 — o(1). The proof is complete.  [J
2.3 Third Day and beyond
Note that when Apn > logn+/n/p and pn > log? n > logn, we can apply either [13, Lemma 2.4]
then [13, Lemma 2.5], or [5, Lemma 4.2], to arrive at the inequalities

C
|Bs| < 45n and |Biq| < ]TTL|Bt|’ for each ¢t > 3, until |By| < %, (3)

with probability at least 1 —¢/2. When there are at most pn/4 Blue vertices left, Red will win the
next day if we also condition that every vertex has at least pn/2 neighbors, which happens with

probability 1 — o(1). The proof of Theorem 1.4 is complete.

3 Proof of technical lemmas

Before beginning, we introduce some extra notation to aid the presentation.

Let S denote the set of defectors, or “swing” set.

e Similar to the notations for ¢, let }A%t = R(Zt) and B := B(Zt) Conversely Zt = E(ﬁt,ﬁt).
Note that S C EO and Ry = Eg uSs.

For each v € V and ¢ € N, let Dy(v) := dg, (v) — dp, (v) and Dy(v) := dg,(v) —dg,(v).

For each subset U C V, let G(U) be the induced subgraph over U.



3.1 Proof of Lemma 2.4

To prove Lemma 2.4, we follow the argument in the first half of the proof of [5, Lemma 3.3].

Proof of Lemma 2.J. Let D = ¢Ap*/?n'/2 for a constant ¢ chosen later. Fix an arbitrary choice
of the S. This also fixes the coloring ¢. Temporarily call the vertices u such that Zl(u) = —1and
¢1(u) = 1 flipping. It suffices to show that with probability 1 — O(n~!), every v € V has at least D
flipping neighbors, since the choices of S are symmetrical.

Let us narrow down to a special type of flipping neighbors that we can control. We call u € N (v)
vulnerable if dg (u) = dgo\s(u) and u has at least 1 neighbor in S. If u is vulnerable, we have

d=

7, (W) —dp, (v) =dp (v) — dﬁo\s(“) —dg(u) = —dg(u) <0 = Zl(u) =—1.

We also have
dy(u) — dp,(u) = dg (v) + ds(u) — (dg (u) — ds(u)) = ds(u) <0 = f1(u) =1.

Therefore a vulnerable vertex is flipping. The advantage is that we can easily lower bound the
number of vulnerable neighbors of v. We claim that v has at least D vulnerable neighbors with
probability 1 — O(n=2).

We claim that with high probability |[N(v) N S| < .1A. This is a Bin(A, p) random variable with
mean pA < 10, so it is close to a Poisson variable. By Lemma 4.3,

eAp\ 2 1A _ -2
P(]N(v)ﬂS]z.lA)SQ(M> <2(30p)*= <n”
where the last inequality holds if A > 201ogn, which holds if Ap?/2n!/2 > logn and p < n=1/2logn.

For each U C V' \ {v}, we say U is regular if |[UNS| < .1A and |U| > pn/2. By the above and a
Chernoff bound, N (v) is regular with probability 1 — O(n™2).

Fix a regular U C V' \ {v} and condition the probability space of G on the event U = N(v).
Let V' := Ry \ {v} and V= := By \ {v}. Let W := (V' \ {v}) \ U and let W+ := VT N W and
W=:=V-nNW. We have W~ NS|=|WnS|=|5]—-|UNS|—1g(v) > .8A.

Let I, be the event that u is vulnerable. It is the conjunction of the two independent events:
{dg, (u) = dgo\s(u)} and {dg(u) > 1}. Consider the former, we have

r r
B > B

V(L =p)[V\ S — vPn

P (dg, (1) = g\ 5(0)) = P (dy=(w) + £o(v) = dy—\s(u)) >
for a constant rg depending on B. For the latter, we have

P(dg(u) > 1) > P(dy-ng(u) > 1) >1— (1 —p)"" M >1 - (1-p)82 > 182 > sppA,

10



for a constant sp depending on B, where the last inequality is due to pA < B. Therefore

rBSppA

N

Since {I,}uev are independent after exposing U (note that S is fixed), and there are |U| > pn/2 of

P(L,) = P (dg, (u) = dg\(w)) - P(ds(u) > 1) >

them, the number of vulnerable neighbors of v dominates X ~ Bin(%, respl) %) in probability.

Note that E [X] = %TBSBAPB/QTLUQ = "B%E D). Choose ¢ = cg = rpsp/4, by a Chernoff bound,
1 1
P(X<D)=P (X <3E [X]) < exp [8Ap3/2n1/2] <n72

given Ap*/2n1/2 > 161ogn. Since this holds for all regular U and the probability of an irregular U

is less than n~2, the total exceptional probability is O(n~2). The proof is complete.
O

3.2 Proof of Lemma 2.3

Let us move on to the proof of Lemma 2.3. Since D is fixed throughout the proof, we simply let A,
denote the event that v is D-almost Red. We abuse the notation and let A be the set of D-almost
Red vertices. We have [A| =3 i, 14,, so

E[|A] =) P(4,) and Var[JA[]=> Var[ls]+ > Cov[la, ,14,]
veV veV v1Fva €V

Our strategy is simple: we lower bound E [|A|] by lower bounding each P(A,), then upper bound
Var [|A|] by upper bounding Cov [1AU1 , ]‘Av2:| for each distinct pair (v, v2) (note that Var[14,] <
1/4 for each v). Once the two bounds are available, we can just use Chebyshev’s inequality [1] to
lower bound |A| with high probability.

3.2.1 Step 1: Lower bounding E [|A|]

Here is the main result of this step. Throughout this section and the next, we assume the objects

and conditions of Theorem 1.4.

Claim 3.1. Let A be the set of D-almost positive vertices. Let B > 0 be an arbitrary constant
There are universal constants C1 and Co (large enough) and a constant cg depending only on B
(small enough) such that if pn. > Cylog®n and B/pn > D > Cylogn, then

+CBD\/H.
p

To prove this claim, we want to lower bound P(A,) for each v € V. We have the following claim

Ef[A]] =

|3

11



Claim 3.2. Consider the objects and assumptions of Lemma 2.3. Let Z+,Z~ be two independent
copies of Bin(n/2 — [pn],p). We have

E1,]> 0 (2\1/)]% + 20 (0)P(2F = z—mw) +0 (\/1%) . (4)

Suppose this holds, then we can prove Claim 3.1.

Proof of Claim 3.1. Claim 3.2 implies for [A] =" ., 14,:

v*

E[|A]] > Z ¢ (z,) £ 0 <$> , where z,:= + 20 (v)P(Z+ = Z7)/pn.
veV

Note that each term inside ®(-) is less than 20 in absolute value. Since the number of vertices v for
which Zo(v) are 1 and —1 are both n/2, we can form pairs of opposite colors. For each pair v, v, we

have, by [5, Lemma 2.4], for a fixed positive function fp,

f0(20)D‘

D(zy) + () = 1+ f0(20)(z0 + 7)) = 1+ NG

This implies, if one allows D > logn,

o (5)-

The proof is complete. O

n fo(20)D [0

E[|A] > n
2 2 p

_|_

o3

The main technical challenge is Claim 3.2. Fix v € V. We have P(4,) = P(ﬁl(v) > —D). There
are two ways to write Dy (v) as a sum of random variables. The first choice is D1 (v) = D_ueN () 0 (u),
which is hard to analyze because N (v) is random. The second is D1(v) = Y, ey £1(u)1y~y. This is
still hard because {Zl (u) }uev are dependent random variables.

The key actually lies in the first method. Fix U C V and condition G on the event U = N (v),
then the first sum has a fixed number of summands. Further a subgraph H over U and condition
on G(U) = H, the variables in the sum are now independent.

The vast majority of cases for U will be regular, meaning the statistics of U and G(U) are close

to their expected values. For convenience, we define the notations (similar to Lemma 2.4’s proof):
e Ut =RyNU and U~ = ByNU.

W =W\ {v})\U, then WF =RyNW and W~ = BynW.

VE=UtUW* (= R\ {v}and V- =U-UW™ = By \ {v}.

We call the set U C V and the subgraph H drawn over U regular if they satisfy all conditions

12



below. on on
!U+|:7i3 pnlogn, |U_|:?:|:3 pnlogn,

|dv oo < logn, ’1|%|dU’ <5logn, and |dy|2 < 3v/pnlogn,
where dy := [dy+ (u, H) — dy- (u, H)]uep is a vector in RIVI,

Simple Chernoff bounds show that U is regular with probability 1 — O(n=2). The strategy
is to analyze D;(v) conditioned on a regular U = N(v) and H = G(U) to take advantage the

independence of its summands. Let us proceed with the formal proof.

Proof of Claim 3.2. Fix subset U C V and subgraph H over U, that are both regular, and condition
G on the events N(v) = U and H = G(U). Until noted otherwise, we omit them from the probability
notation.

As discussed above, we write P(4,) = P(D;(v) > —D), where D;(v) = > ouer Zl(u) is a sum of
independent random variables. By the Berry-Esseen theorem [(], one can replace this sum with a

Gaussian variable with the same expectation and variance, at the cost of some error. We have

E [ﬁl(v)} = Z E [Zl(u)} = Z €y where ¢, :=E [Zl(u)} .
uelU

uelU

The notation g, is convenient because one can easily write
~ 9 ~ ~ 3 4
Var [El(u)} =1—¢; and E Uﬁl(u) —-E [ﬁl(u)” ] =1—¢,,

the latter being important for the error term in the Berry-Esseen theorem. By the Berry-Esseen

theorem, we have

P(4,) = ®

D+E {]_/il(v)} . ZUEU E Ua (u) —E [?1 (U)] ’3}
1/2

RO ) A = Yy .
_ D+Zue Eu ‘U| - Zue Eﬁ
- <(|Uy - zueUUsg)?’/Q) e = Zueyii)?’”

Let us compute ¢, for u € U and then move on to their sum. Ideally, we want &, to be small,
meaning P(Zl (u) = 1) to be close to 1/2. We have

P(f1(u) = 1) = P (dy+ (u) = dy— (1) + fo(v) — 1y (u) = 0)

P <dW+(u) — dyy— () + dr+ (w) — dr— (u)lo(v) — 1y (u) > o) .

Note that in our conditioned space, the only random variables in the last expression are dyy+(u) ~

13



Bin(|W™|,p) and dy - (u) ~ Bin(|]W~|,p). Temporarily let m,, to be the fixed part. We have
M = dyr+ (1) — dy— (1) + Lo(v) — 1p-(u) = £(||dy e + 2) = +O(logn).

By Berry-Esseen, we can replace X™ — X~ with a Gaussian random variable with mean
E[XT - X" ]=p(|W"|—|W~|) and variance Var [XT — X ] = p(1 —p)|W]|, at the cost of an error

o, P —p)lp* + (1 —p? W] _ 2
[p(1 = p) W]/ v

We have, by regularity of U,

2Cy
/P

P(li(u)=1)=P (X" - X" +m,>0) =0 (mu +p(WH| - W|)> N
pIW|

+ _ —
L0 my +p(|WT | = W) N 2C) :1+O (:l:lognipdpnlogn) (6)
p|W| N NGD /pn

1

2

1 logn> (logn)
=-40 = |e /=0 .

2 <,/pn el \/pn

This crude bound allows us to estimate Var [Zl (U):| and the Berry-Esseen error in Eq. (5). We have

Var [0)] = 0] - 32 = |U\<1—o<1°§;">>. (7)

uelU

Recall that we are allowed pn > C'log?n for a large enough C, so this bound is still meaningful.

For the error term, temporarily let § = (pn)_1/2 logn, we have

U= Yuevss U1 -0(6Y) —0( ! ) (8)

(U]~ Soepe2)®”  UPPA=0@)2 =\ v

We keep these bounds in mind for later use.
Now let us estimate ) €, more carefully. We expect more cancellations than simply adding

the crude bounds in Eq. (6). By [5, Lemma 2.5], we have

S Pli(u)=1)=> P (X" - X" +m,>0)

el uelU

:g[P(ﬁzXHmuP(WZ . ( )}

= UP(X*t >X")+P Zm“i()(lnz )
uelU v

14



Let us simplify the above expression. We have

S =3 (g () — dy- () + () U] ~ (U] = 1y + Go(w)|U] — U

uceU ucU

U

— +4+/pnlogn,
where the last estimate is due to U being regular. Next, also by regularity,

>omi <2 [(dys (u) = dy- () +4] = l|ldu 3+ 8|U| < 10pnlogn.

uelU uelU
Therefore
ZP 0 (u =|UPXT > X"~ )+P(X+:X)< o(v)|U| — :t4\/pn10gn> O(logn)
uelU

P(Xt=X") -

= |U]| <P(XJr >X7)— +b(v)P(XT = X)> + O(logn).

(9)
Ideally, we want the first term to simplify |U|/2, so that the sum on the left-hand side is close to
|U|/2, meaning ", i €y is close to 0. This will work out if X and X~ have identical distributions.
While this is not the case, we can replace them with i.i.d. random variables at some cost.
Let Z* and Z~ be two independent copies of Bin(n/2 — [pn],p). By [5, Corollary 2.8], we can
replace X respectively with Z* in P(X+ > X~) and P(X* = X ) for an error of at most

) = 0tiozn).

o (PUW*H = (/2 = [p D VW~ | = (/2 = [p])) :O<mm
VT Nz

Now by symmetry, P(ZT > Z7) —iP(Z* = Z7) = 4, so Eq. (9) becomes

Z P (01 (u = |U] i O(p\/logn) + Lo(v)P(Z+ = Z)] + O(logn)
uelU
= ’g‘ + l(0)|UP(ZT = Z7) + O(p|U|\/logn) £ O(logn)
- ’g' + L(0)|UP(ZT = Z7) + O(logn),

where we use the fact p|U| = O(p?n) = O(y/logn). Since ¢, = 2P(Zl(u) = 1) — 1, we have

Y ew = 26()|[UP(Z" = Z27) £ O(logn). (10)
uelU

Note that the first term on the right-hand side is ©(,/pn), so it is indeed the main term.
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Now we can finally estimate P(A,). Plugging Egs. (7), (8), (10) into Eq. (5), we get

P(A) = <D+2Z0(v)\U|P(Z+ = 7Z) iO(logn)) . < 1 )
UI(1-0(%)) vpn

—-1/2

where § = (pn) logn as previously defined. We analyze the term inside ®(-). By the regularity

of U, |U| = pn(1 £ 0O(9)), so we can write this term as

D L 2Pzt =27)JU] ,  O(/logn)
U1(1 - 0(5)) 1—0(6?) U1(1 - 0(5))
= pn(ll:)t 0] +20(0)P(ZT = Z7)\/pn(1 £ O(5)) + O(8?) (11)
D ~ _ D
:ﬁJrzeo(v)P(Z*:Z )\/ngiO((S (\/]TJFP( )\/M+6>>

Consider the error term. By the assumption D < 10,/pn, and the facts that P(ZT = Z7) <
4(pn)~1/2 and § < .1, this error term is just O(5) = O((pn)~?logn). We get

P(A,) = ® <Di31%0gm + 20 ()P (ZF = Z—)\ﬁ> +0 (\/;7) (12)

By allowing D > C'logn for a sufficient constant C, we have D + O(logn) > D/2. Eq. (12)

then implies

P(A,)=® <2\Dﬁ +20(0)P(ZT = Z)\/m> +0 <\/%> ,

which is the desired expression. We are not done yet, since this is actually P(A, | U = N(v), H =
G(U)) for the fixed regular pair (U, H) that we have been using. However, since the total probability
of irregular pairs is O(n~2), which gets absorbed by the error term O((pn)~'/2) above, this does
not affect P(A,) in the general case. The proof is complete. O

3.2.2 Step 2: Upper bounding Var [|A|]

Below is the main claim

Claim 3.3. Let A be the set of D-almost positive vertices. Let B > 0 be an arbitrary constant. There
are universal constants Cy, Cy (large enough) such that if pn > Cy log?n and B\/pn > D > Cslogn,

then )
1
Var [|A]] = O <" Opg "> .

The key idea is to write

Var [|A]] = ZVar 1a,]+ Z Cov (14, ,14,, ]
veV v1#£U2
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Since the first part is at most n/4, it suffices to consider the covariances. Fix a distinct pair

v1,v9 € V, we have the claim

Claim 3.4. Under the settings of Claim 3.3, we have

log?n
}COV [1141;1’114@2” =0 ( on ) .

Suppose this holds, we can prove Claim 3.3.

Proof of Claim 3.3. By the decomposition above, we have

2 2
Var [|A]] < n (n) 0 <log n> _0 <nlog n> ‘
4 2 pn P

The proof is complete. ]

Now we move to the main technical challenge. Similarly to the proof of Claim 3.2, we want to
prove Claim 3.4 in an “ideal” environment, namely where the statistics of N(v;) and N(vq) are
close to their expectations.

This time we want to expose everything inside both N(v;) and N(v2). Fix U C V' with partition
U =U; UUy UUs and a subgraph H over U, and condition G on the events Uy = N(v1) \ N(v2),
Uy = N(v2) \ N(v2), Us = N(v1) N N(v2) (all excluding v and ve) and H = G(U).

We introduce some extra notation:
o Uj3:=U;UU3 = N(v1) \ {v2} and Upz := Uy U Uz = N(v2) \ {v2} in our conditioned space.

e Ut :=UnN ]/%0 and U™ :=UnN Eo. Define the same “Red” and “Blue” versions for the sets
defined above.

W = (V\ {v1,v2}) \ U. Define W+ and W~ similarly to the above.

Vt=UTUW*Tand V- =U"UW".

The tuple (U1, Us, Us, H) is regular if the following conditions hold.

_ _ pn _
|U1Jg|7 |U13|? |U2J5,|» |U23| = ? +3 pnlogna |U3+|7 |U3 | S logn’

< 5logn,

T
\% )1|U23dU23

|l < logn, [ldulle < 3v/prlogn, |1, du,

where dy = [dy+ (u, H) — dy- (u, H)]uer € RVl is the previously defined vector and dyy,, €
RVl and dy,, € RIV23l are its restrictions to Uy and Uss respectively.

Again, simple Chernoff bounds show that Uy, Us, Uz and H are regular with probability 1—O(n~2).

Now we can proceed to the formal proof.
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Proof of Claim 3./. Let h; = E [1“%] without any conditioning. Fix disjoint Uy, Us,Us and
subgraph H over U = U; U Us U Us such that they are regular. Condition G on the events
(N (o) \ {o2})\ N (vz) = Uy, (N(02)\ {1 )\ N(v1) = Us, (N(01)\ {v2}) 0 (N (02) \ {1}) = Us, and
H = G(U). The covariance on this conditioned probability is off from the real covariance by an
error of just O(n~2). Until noted otherwise, we omit the events from the probability.

We first rewrite the covariance as

Cov [1,4”1,1,%2] =E [(1AU1 —h1)(1a,, — hz)] (13)

We want to split this into a product, but A,, and A,, are not independent. However, their only
shared dependency is on the first day colors of their joint neighbors, Us.

Fix a set of first day colors {jy}uecr, for these vertices. Condition the space further on the
event J = {Vu € Us, 0 (u) = ju}. This does not affect a(u) for the other u € U as they are all

independent. We can rewrite the conditioned Eq. (13) as
Cov [1La, 11, 1 7] = (B [La | 7]~ o) - (B[La,, | 7]~ ho).

Consider the factor E [1,%1 | J]—h1. Let Hi(J) =E [1AU1 | 7] for convenience. Let j := > et Ju
Reuse the computation leading Eq. (5) to get

D + 1 (v2) Loy + 5 + Dy, Eu L0 Uil = Y uev, €n (14)
(UL = Xy, €2)V/2 (101] = Y uer, €2)%/2

Hl(j):¢><

In this space conditioned on 7, the variables ¢, = E [?1 (u)] for u € U; are not affected since they

are independent from {Zl (u) }uev,- Note that this expression only depends on j rather the specific
values in {Zl (w) bueus-

Fix another set of colors {ky }uecr, and consider the event K = {Vu € Us, 0 (u) = ky}. Define
H,(K) analogously to Hi(J). The expression for H;(K) is almost identical to Eq. (14), with
k=3 .cu, ku replacing j. We then have

_ — lj — k| _ @ _ logn
) Hl(’c)"O<<1U\—2uemaa>l/2>‘O<m> (%) 9

where the last two bounds are due to regularity and the analysis of €, in Eq. (6).

This is an innovation from the proof in [5]. This allows us to indirectly analyze H1(J) — h1
without directly computing H;(J). By showing that this expression does not change much when J
changes, H1(J) = P(A,, | J) must be close to the same probability without conditioning on J.

Let Hy :=P(Ay, | U1,Us,Us, H) (we write the background events explicitly here to differentiate
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this with hj, which is P(A,,) without any condition). We have, by Eq. (15),

logn
H(J)-Hi|=0 ( ) ) 16
|H1(T) | Jon (16)

We are halfway through bounding H;(J) — hy. It remains to bound H; — h;. The idea is not
too different from the previous step. We write Hy = H; (U3, Uz, Us, H), since we will look at the
same variable conditioned on another regular tuple. First off, by almost analogous calculations to

the steps leading up Eq. (12) in Section 3.2.1, we have

D + O(logn)
N

+ 20 (0)P(ZT = Z—)\/m> +0 (\/}) .

Now fix another regular tuple (U7, Uj, U, H'). The same calculation applies, so we are left with

H(Uy,Up, U3, H) = @ (

lo
|H1(Uv,Us, Us, H) — Hi (U3, Us, Us, H')| = O (V%) .

The weights of the irregular tuples are just O(n~2), which is asorbed by the error bound above, so

we have

1
\Hy (Uy, Us, Us, H) — Iy :0(3%”). (17)

Back the to probability space conditioned on (U, Us, Us, H). Now we can finally bound H; — hy.
Combining Egs. (16) and (17), we get

1
|H1—h1\:O<0in>.

An analogous calculation gives the same bound for Hs — hy. This implies

1 2
|Cov [La,,,1a,, | U1, Uz, Us, H|| = O ( Ofn”) .

The proof is complete, since the total weight of the irregular cases is O(n~2), which is absorbed. [

3.2.3 Proof of Lemma 2.3

Recall that |A| is being used to denote the set of D-almost positive vertices. Let us recall the main
claims about |A| from the previous two steps. Suppose pn > Cylog?n and B/pn > D > Cylogn
for arbitrary B > 0 and sufficient constants C; and Cy that make Claims 3.1 and 3.3 hold, we have

E[|A]] > g—i— 2cBD\/Z and +/Var [|4]] < C’logn\/z,

for constants cg > 0 (small enough) only depending on B and universal C' > 0 (large enough).
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Proof of Lemma 2.5. We continue from the argument above. By Chebyshev’s inequality,

Var [|A]] C?%log’n log?n
A< — D < < = — .
<| | +CB \/>> o CBD\/i % D? Op D2

The proof is complete. ]

4 Preliminaries bounds on binomial random variables

In this section we describe several useful inequalities to bound binomial random variables. The first

one is the usual Chernoff bound [9].

Theorem 4.1 (Chernoff bound). Let X ~ Bin(n,p), and ¢ > 0. We have

>(p+e)n) < e~ Dptelp)n ife <1—np,
< (p—e)n) < e Po=elPn yre <

(

P (X
P (X

where D(z||y) := xlog +(1—=x) log

for z,y € (0,1).
In this paper, we mainly use the following corollary of the Chernoff bound:

Corollary 4.2. Let X ~ Bin(n,p) and t > 0. We have

2
P (X =pn+ttypn) >1—2exp " .
2(1+ 3\/1%)

Proof. Let e = tp"/?n=1/2 so that pn +t,/pn = (p+€)n. If ¢ > 1 — p, the inequality trivially holds.
If e < 1 — p, we have by Theorem 4.1:

P(X > pn +t\/pn) < exp [_D(}H_t\f H p) ] (18)

It is a well-known inequality that D(z|ly) > 3(z — y)?(2z + 4y) ! for each x,y > 0. Thus

3( 1/2,, 1/2) 2

fH ) 2(3p+ tp/2n172) " T 2(1+

D<p—|—t

) ‘

Consider the event X < pn — t\/pn = (p — )n. If € > p, the inequality trivially holds. If £ < p,
i.e. t < ,/pn, we have by Theorem 4.1:

P(X < pn —t/pn) < exp [—D(p— t\\/fg H p>n] . (19)
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‘We have

( 1/271—1/2)2 2 2

D( tm H p) 2(3p — tp 2012 T 2(1 — ) = 2(1 +

3\/;% 3\/}Tn)

where the last inequality is due to 0 < t < /pn. Plugging in Eq. (19), we get the desired bound. [

We quickly record another bound useful for binomial variables with small expectations:

Lemma 4.3. For any X ~ Bin(n,p) and t > epn, we have: P(X >1t) <2 (ep”)t

Proof. For each integer k € [0,n], P(X = k)= (})p"(1 —p)"F < nipk. Let k = [t], we have

PX > 1) < i ()" _ (o) i (pn)’ pn ) i )
Tl R —(i+k)(i+k-1).. (k+1 — (
k o k
_ (pn) i _ o (pn epn\ k epn\t
= < <2 () <2 ()
=0
where the second to last inequality is the usual Stirling bound [2], and the last is due to decreasing
property of the expression (a/t)! for t > a. O
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