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Abstract

The matrix recovery (completion) problem, a central problem in data science and theoretical
computer science, is to recover a matrix A from a relatively small set of entries.

While such a task is impossible in general, it has been shown that one can recover A ex-
actly in polynomial time, with high probability, from a random subset of entries, under three
assumptions: (1) the rank of A is very small compared to its dimensions (low rank), (2) A has
delocalized singular vectors (incoherence), and (3) the sample size is sufficiently large. These
assumptions are necessary and we refer to them as the basic assumptions.

There are many different algorithms for the task, including convex optimization by Candes
et al. [10, 9, 30], alternating projection by Hart et al. [20, 21], and low rank approximation
with gradient descent by Keshavan et al. [25, 24].

In applications, it is more realistic to assume that data is noisy. In this case, it has been
shown that these approaches provide a approximate recovery with small root mean square error,
again with high probability, but it is hard to an approximate recovery to an exact one.

Recently, results by Abbe et al. [1] and Bhardwaj et al. [6] concerning approximation in
the infinity norm showed that we can achieve exact recovery even in the noisy case, given that
the ground matrix has bounded precision. Beyond the three basic assumptions, they required
either the condition number of A is small [1] or the gap the between consecutive singular values
is large [6].

In this paper, we remove these extra spectral assumptions. As a result, we obtain a simple
algorithm for exact recovery in the noisy case, under only three basic assumptions. This is the
first such algorithm. T The algorithm computes a low rank approximation of the input (properly
scalled) at a certain threshold, and then round off the entries to given the precision level. Thus,
its main step is a truncated SVD, which runs very fast in both theory and practice.

The mathematics behind our analysis is totally different from all previous approaches. Using
the contour integral method from operator theory combined with combinatorial ideas, we show
that under some mild conditions, the best rank k approximations of two matrices A and A+E
(where E represents noise) are close in the infinity norm. This method may be of independent
interest.

1 Introduction

1.1 Problem description

A large matrix A ∈ Rm×n is hidden, except for a few revealed entries in a set Ω ∈ [m] × [n]. We
call Ω the set of observations or samples. The matrix AΩ, defined by

(AΩ)ij = Aij for (i, j) ∈ Ω, and 0 otherwise, (1)
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is called the observed or sample matrix. The task is to recover A, given AΩ. This is the matrix
recovery (or matrix completion) problem, a central problem in data science which has been received
lots of attention in recent years. In this paper, we focus on exact recovery, where we want to recover
all entries of A exactly.

It is standard to assume that the set Ω is random, and researchers propose two models: (a) Ω
is sampled uniformly among subsets with the same size, or (b) that Ω has independently chosen
entries, each with the same probability p, called the sampling density, which can be known or
hidden. It is simple to replace the former model by the latter, using a simple conditioning trick.
One samples the entries independently, and condition on the event that the sample size equals a
given number.

1.2 Common settings and assumptions

Before beginning, we define some notation for convenience:

• Let the SVD of A be given by A = UΣV T =
∑r

i=1 σiuiv
T
i , where r := rankA.

• For each s ∈ [r], define As =
∑s

i=1 σiuiv
T
i as the best rank-s approximation of A. Define Bs

analogously for any matrix B.

• When discussing A, we denote N := max{m,n}.

• The coherence parameter of U is given by

µ(U) := max
i∈[m]

m

r
∥eTi U∥2 = m∥U∥2,∞

r
, (2)

where the 2-to-∞ norm of a matrix M is given by ∥M∥2,∞ := sup{∥Mu∥∞ : ∥u∥2 = 1}, which
is the largest row norm of M . Define µ(V ) similarly. When U and V are singular bases of A,
we let µ0(A) = max{µ(U), µ(V )} and simply use µ0 when A is clear from the context.

The notion of coherence appears in many fields, and many works use the stronger definition
µ(U) = m∥U∥2∞, where the infinity norm is the absolute value of the largest entry. We stick
to the definition above, which is consistent with the parameter µ0 in many popular papers
[10, 9, 30, 25, 24, 8].

• The following parameter has also been used:

µ1 = max
i∈[m],j∈[n]

√
mn√
r

|eTi UTV ej | =
√
mn√
r

∥UV T ∥∞. (3)

We could not find any widely used name for this parameter in the literature, and temporarily
use the name joint coherence parameter in this paper. It is simple to see that

µ1 ≤ µ0

√
r. (4)

• We use C to denote a positive universal constant, whose value changes from place to place.
The asymptotics notation are used under the assumption that N → ∞.

If we observe only AΩ, filling out the missing entries is clearly impossible, unless extra assump-
tions are given. Most existing works made the following three assumptions:
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• Low-rank: One assumes that r := rankA is much smaller than min{m,n}. This assumption is
crucial as it reduces the degree of freedom of A significantly, making the problem solvable, at
least from an information theory stand point. Many papers assume r is bounded (r = O(1)),
while m,n → ∞.

• Incoherence: This assumption ensures that the rows and columns of A are sufficiently “spread
out”, so the information does not concentrate in a small set of entries, which could be easily
overlooked by random sampling. In technical terms, one requires µ0, and (sometimes) also
µ1 to be small.

• Sufficient sampling size/density: Due to a coupon collector effect, both random sampling
models above need at least N logN observations to avoid empty rows or columns. Another
lower bound is given by the degree of freedom: One needs to know r(m+ n− 1) parameters
to compute A exactly. A more elaborate argument in [9] gives the lower bound |Ω|CrN logN
for a sufficient large constant C This is equivalent to p ≥ Cr(m−1 + n−1) logN for the
independent sampling model.

For more discussion about the necesity of these assumptions, we refer to [10, 9, 15]. We will
refer to these assumptions as the basic assumptions. These have been assumed in all results
we discuss in this paper.

1.3 Exact recovery in practice: finite precision

Let us make an important comment on the notion of exact recovery. Clearly, if an entry of A is
irrational, then it is impossible for our computers to write it down exactly, let alone computing it.
Thus, exact recovery only makes sense when the entries of A have finite precision, which is the case
in all real-life applications. To this end, we says that a matrix A have a finite precision ε0, if its
entries are integer multiples of a parameter ε0 > 0. For instance, if all entries have two decimal
places, then ε = .01.

In many pratical problems, such as compelting/rating a recommendation system, the parameter
ε0 is actually quite large. For instance, in the most influential problem in the field, the Netflix
Challenge [4], the entries of A are ratings of movies, which are half integers from 1 to 5, so ε0 = 1/2.
The algorithm we propose and analyze in this paper will exploit this fact to our advantage. (One
should not confuse this notion with the machine precision or machine epsilon, which is very small.)

1.4 A brief summary of existing methods

There is a huge literature on matrix completion. In this section, we try to summarize some of the
main methods.

• Nuclear norm minimization: This method is based on convexifying the intuitive but NP-hard
approach of minimizing the rank given the observations. This method is guaranteed to achieve
exact recovery under perhaps the most general assumptions. However, the time complexity
includes high powers of N and the calculation may be sensitive to noise [9].

• Alternating projections: This is based on another intuitive but NP-hard approach of fixing the
rank, then minimizing the RMSE with the observations. The basic version of the algorithm
switches between optimizing the column and row spaces, given the other, in alternating steps.
Existing variants of alternating projections run well in practice.
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• Low-rank approximation: The general idea here is to view the sample matrix AΩ as a rescaled
and unbiased random perturbation of A. This way, it is natural to first approximate A by
taking a low rank approximation of p−1AΩ (where p is the density). Next, one can use an
extra cleaning step to make the recovery exact. The first step (truncated SVD in this case)
here has only one operation, and runs fast in practice. Our algorithm in Section 1.6 belongs
to this category.

1.4.1 Nuclear norm minimization

This approach starts from the intuitive idea that if A is mathematically recoverable, it has to be
the matrix with the lowest rank agreeing with the observations at the revealed entries. Formally,
one would like to solve the following optimization problem:

minimize rankX subject to XΩ = AΩ. (5)

Unfortunately, this problem is NP-hard, and all existing algorithms take doubly exponential
time in terms of the dimensions of A [14]. To overcome this problem, Candes and Recht [10],
motivated by an idea from the sparse signal recovery problem in the field of compressed sensing
[11, 17], proposed to replace the rank with the nuclear norm of X, leading to

minimize ∥X∥∗ subject to XΩ = AΩ. (6)

The paper [10] was shortly followed by Candes and Tao [9], with both improvements and trade-
offs, and ultimately by Recht [30], who improved both previous results, proving that A is the unique
solution to (6), given the sampling size bound

|Ω| ≥ Cmax{µ0, µ
2
1}rN log2N, (7)

for the coherence parameters µ0 and µ1 defined previously.
If one replaces µ1 with µ0

√
r (see (4), the RHS becomes Cµ2

0r
2N log2N . This attains the

optimal power of N while missing slightly from the optimal powers of r and logN .
The key advantage of replacing the rank in Problem (5) with the nuclear norm is that Problem

(6) is a convex program, which can be further translated into a semidefinite program [10, 9], solvable
in polynomial time by a number of algorithms. However, convex optimization program usually runs
slowly in practice. The survey [27] mentioned the interior point-based methods SDPT3 [32] and
SeDuMi [31], which can take up to O(|Ω|2N2) floating point operations (FLOPs) assuming (7), even
if one takes advantage of the sparsity of AΩ. Indeed, as Ω is at least NlogN (by coupon collector),
the number of operations is Ω(N4), which is too large even for moderate N . An iterative singular
value thresholding method aiming to solve a regularized version of nuclear norm minimization,
trading exactness for performance, has been proposed [7]. It is thus desirable to develop faster
algorithms for the problem, and in what follows we discuss two other methods, which achieve this
goal, under extra assumptions.

1.4.2 Modified alternating projections

The intuition behind this approach is to fix the rank, then attempt to match the observations at
much as possible. If we know the rank r of A precisely, then it is natural to look at the following
optimization problem

minimize ∥(A−XY T )Ω∥2F over X ∈ Rm×r, Y ∈ Rr×n. (8)
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This, unfortunately, like (5), is NP-hard [15]. There have been many studies proposing variants of
alternating projections, all of which involve the following basic idea: suppose one already obtains
an approximator X(l) of X at iteration l, then Y (l) and X(l+1) are defined by

Y (l) := argmin
Y ∈Rr×n

∥(A−X(l)Y T )Ω∥2F , X(l+1) := argmin
X∈Rr×n

∥(A−X(Y (l))T )Ω∥2F .

The survey [15] pointed out that these methods tend to outperform nuclear norm minimization in
practice. Oh the other hand, there are few rigorous guarantees for recovery. The convergence and
final output of the basic algorithm above also depends highly on the choice of X(0) [15].

Jain, Netrapalli and Sanghavi (2012) [23] developed one of the first alternating projections
variants for matrix completion with rigorous recovery guarantees. They proved that, under the
same setting in Section 1.2 and the sample size condition

|Ω| ≥ Cµ0r
4.5

(
σ1
σr

)4

N logN log
r

ε
,

the AP algorithm in [23] recovers A within an Frobenius norm error ε in O(|Ω|r2 log(1/ε)) time
with high probability. Since the Frobenius norm is larger than the infinity norm, this gives us an
exact recovery if we set ε = ε0/3, where ε0 is the precision level of A; see subsection 1.3.

Compared to the previous approach, there are two new factors here. First one needs to know
the rank of A precisely. Second, there is a strong dependence on the condition number (which
means the result is only effective if the least singular value of A is comparble to the largest).

The condition number factor was reduced to quadratic by Hardt [20] and again by Hardt and
Wooters [21] to logarithmic, at the cost of an increase in the powers of r, µ0 and logN .

Remark 1.1. In practice, the common situation is that we do not know the rank r exactly, but
have some estimates (for instance, r is between known values rmin and rmax). It has been suggested
(see, for instance, [26]) that one tries all integers in this range as the potential value of r, which
only increase the running time by a factor rmax− rmin, which is acceptable from the comlexity view
point. The trouble here is that it is not clear that among these cases, which output should we
choose.

1.4.3 Low rank approximation with Gradient descent

As discussed earlier, if one assumes the independent sampling model with probability p, then the
rescaled sample matrix p−1AΩ can be viewed as a random perturbation of A. Since E [AΩ/p] = A,
this perturbation is unbiased, and the matrix E := p−1AΩ−A is a random matrix with mean zero.

Assuming that the rank r is known, Keshavan, Montanari and Oh [25] first use the best rank-r
approximation of p−1AΩ to obtain an approximation of A, then add a cleaning step, using opti-
mization via gradient descent, to achieve exact recovery. Here is the description of their algorithm:

1. Trimming: first zero out all columns in AΩ with more than 2|Ω|/m entries, then zero out all

rows with more than 2|Ω|/n entries, producing a matrix ÃΩ.

2. Low-rank approximation: Compute the best rank-r approximation of ÃΩ via truncated SVD.
Let Tr(ÃΩ) = ŨrΣ̃rṼ

T
r be the output.

3. Cleaning: Solve for X,Y, S in the following optimization problem:

minimize
∥∥AΩ − (XSY T )Ω

∥∥2
F

for X ∈ Rm×r, Y ∈ Rn×r, S ∈ Rr×r, (9)
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using a gradient descent variant [25], starting with X0 = Ũr, Y0 = Ṽr and S0 be the r × r
matrix minimizing the objective function above given X0 and Y0.

Let (X∗, Y∗, S∗) be the optimal solution. Output X∗S∗Y
T
∗ .

The last cleaning step resembles the optimization problem in alternating projections methods, but
they used gradient descent instead. The authors [25] showed that the algorithm returns an output
arbitrarily close to A, given enough iterations in the cleaning step, provided the following sampling
size condition:

|Ω|Cmax

{
µ0

√
mn

(
σ1
σr

)2

r logN, max{µ0, µ1}2rmin{m,n}
(
σ1
σr

)6
}
. (10)

The powers of r and logN are optimal by the coupon-collector limit, answering a question
from [9]. On the other hand, the bound depends heavily on the condition number κ := σ1/σr.
Furthermore, similar to the situation in the previous subsection, one needs to know the rank r in
advance, which is rarely the case in practice.

In a later paper [26], Keshavan and Oh showed that one can compute r (with high probability)
if the condition number satisfies κ = O(1); see also Remark 1.1. Thus, it seems that the critical
extra assumption for this algorithm (apart from the three basic assumptions) to work is that the
singular values of A are of the same order of magnitude (κ = O(1)). This assumption is strong,
and we do not know how often it holds in practice. In many data sets, it has been notice that the
leading singular value decay fast; see, for instance . Furthermore, it seems hard to decide from the
input AΩ that A has this property or not; so we do not know whether it is a good input for the
algorithm.

One can try to compute the singular values of p−1AΩ as a prediction to those of A, but this
prediction is only realiable for the those singular values of A which are already large, so the problem
is sort of circular.

From the complexity point of view, the first part (low rank approximation) of the algorithm
is very fast, as it used truncated SVD only once. On the other hand, the authors of [25] did not
include a full convergence rate analysis of their gradient descent part, only briefly mentioning that
quadratic convergence is possible.

1.4.4 Low rank approximation with rounding off

In this approach, one exploits the fact that A has finite precision; see subsection 1.3. It is clear
that if each entry of A is an integer multiple of ε0, then to achieve an exact recovery, it suffices to
compute each entry with error less than ε0/2, and then round it off. In other words, it is sufficient
to obtain an approximation of A in the inifnity norm. It has been shown, under different extra
assumptions, that low rank approximation fullfils this purpose.

The first infinity norm result was obtained by Abbe, Fan, Wang, and Zhong [1]. They showed
that the rank-r approximation of p−1AΩ is close to A in the infinity norm [1, Theorem 3.4]. Tech-
nically, they proved that if p ≥ 6N−1 logN , then

∥p−1(AΩ)r −A∥∞ ≤ Cµ2
0κ

4∥A∥∞

√
logN

pN
,

for some universal constant C, provided σr ≥ Cκ∥A∥∞
√

N logN
p , where κ = σ1/σr is the condition

number.
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If we turn this result into an algorithm (by simply rounding off the approximation), then we
face the same problem as in the previous subsection, namely we needs to know the rank r and the
condition number κ has to be small.

Getting rid of the condition number. Very recently, Bhardwaj and Vu [6] proposed and analysed
the following algorithm, where they do not need to know the rank of A and get rid of the condition
number, at the cost of a new assumption on the gaps between consecutive singular values. For
simplicity, we state their result for matrices with integer entries (ε = 1). One can reduce the case
of general case to this by scalling.

Algorithm 1.2 (Approximate-and-Round (AR)).

1. Let Ã := p−1AΩ and compute the SVD: Ã = Ũ Σ̃Ṽ T =
∑m∧n

i=1 σ̃iũiṽ
T
i .

2. Let s̃ be the last index such that σ̃i ≥ N
8rµ , where µ := N max{∥U∥2∞, ∥V ∥2∞} is known.

3. Let Â :=
∑s̃

i=1 σ̃iũiṽ
T
i .

4. Round off every entry of Â to the nearest integer.

They showed that with probability 1 − o(1), before the rounding step, ∥Â − A∥∞ < 1/2,
guaranteeing an exact recovery of A, under the following assumptions:

• Low-rank: r = O(1).

• Incoherence: µ = O(1).

• Sampling density: p ≥ N−1 log4.03N .

• Bounded entries: ∥A∥∞ ≤ KA for a known constant KA.

• Gaps between singular values: mini∈[s](σi − σi+1) ≥ Cp−1 logN .

Aside from the first three traditional assumptions, the new assumption that the entries are
bounded is standard for real-life datasets. In the step of finding the threshold, it seems that one
needs to know both r and µ, but a closer look at the analysis reveals that it is possible to relax
to knowing only their upper bounds. (We will do exactly this later in our algorithm, which is a
variant of AR.)

The main improvement of AR over the previous spectral approaches is the removal of the
dependence on the condition number. This removal was based on an entirely different mathematical
analysis, which shows that the leading singular vectors of A and p−1AΩ are close in the infinity
norm.

This removal, however, comes at the cost of the (new) gap assumption. While the required
bound for the gaps is mild (much better than what one requires for the application of Davis-Kahan
theorem; see [6] for more discussion), we do not know how often matrices in practice satisfy it, and
again it is also hard to decide if the input matrix satisfies this requirement.

From the mathematical view point, it is interesting to notice that this assumption goes into
the opposite direction of the small condition number assumption. Indeed, if the condition number
is large, then the least singular value σr is considerably smaller than the largest one σ1, which
suggests, at the intuitve level at least, that the gaps between the consecutive singular values are
large. So, mathematically, we have two valid theorems with two constrasting extra assumptions
(beyond the three basic assumptions). The most logical explanation here should be that neither
assumption is in fact needed. This conjecture, in the (more difficult) noisy setting presented in the
next section, is the motivation of our study.
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1.5 Recovery with Noise

Candes and Plan, in their influential survey [8], pointed out that data is often noisy, and a more
realistic model of the recovery problem is to consider A′ = A+Z, for A being the low rank ground
truth matrix and Z the noise. We observe a sparse matrix A′

Ω, where each entry of A′ is observed
with probability p and set to 0 otherwise. In other words, we have access to a small random set of
noisy entries. Notice that in this case, the truth matrix A is still low rank, but the noisy matrix A′,
the only thing we can observe, can have full rank. In what follow, we denote our input by AΩ,Z ,
emphasizing the presence of the noise.

Recovery from noisy observation is clearly a harder problem, and most papers concerning noisy
recovery aim for recovery in the normalized Frobenius norm (root mean square error; RMSE),
rather than exact recovery.

Continuing the nuclear norm minimization approach, Candes and Plan [8] adapted to the noisy
situation by relaxing the constraint on the observations, leading to the following problem:

minimize ∥X∥∗ subject to ∥XΩ −AΩ,Z∥F ≤ δ, (11)

where δ is a known upper bound on ∥ZΩ∥F . The authors showed that, under the same sample size
condition in [30], with probability 1− o(1), the optimal solution Â satisfies

1√
mn

∥Â−A∥F ≤ C∥ZΩ∥F

√
min{m,n}

|Ω|
. (12)

If one would like the RMSE to be at most ε, then one needs to require

|Ω| ≥ C
∥ZΩ∥2F min{m,n}

ε2
, (13)

which grows quadratically with 1/ε.
For exact recovery, one needs to turn the approximation in the Frobenius norm into an approx-

imation in the infinity norm; see subsection 1.3. This is a major mathematical challange, and in
general, there is no efficient way to do this. The trivial bound that ∥M∥∞ ≥ ∥M∥F is too generous.
If we use this and then use (12) to bound the RHS, then the corresponding bound on |Ω| in (13)
becomes larger than mn, which is meaningless. This is the common situation with all Frobenius
norm bounds discussed in this section.

Concerning the alternating method, a corollary of [21, Theorem 1] shows that we can obtain an
approximation Â of rank r, where

∥Â−A∥ ≤ (2 + o(1))∥Z∥+ εσ1, (14)

given that

p = Ω̃

(
1

n

(
1 +

∥Z∥F
εσ1

))2

.

The bound here is in the spectral norm, and one can translate into Frobenius norm by the fact
that ∥M∥F ≤

√
rankM∥M∥. Again, it is not clear of how to obtain exact recovery from here.

Concerning the spectral approach, Keshavan, Montanari and Oh [24] also extended their result
from [26] to the noisy case, using the same algorithm. They proved that with the same sample size
condition as (10), the output satisfies w.h.p.

∥Â−A∥F ≤ C

(
σ1
σr

)2 r1/2mn

|Ω|
∥ZΩ∥op. (15)
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If one would like to have 1√
mn

∥Â−A∥F ≤ ε, this translates to the following sample size condition:

|Ω| ≥ C
σ2rN

ε2

(
σ1
σr

)2

, (16)

where the dependence on ε is again quadratic.

So far, the only approach which adapts well to the noisy situation is the infinity norm approach.
As a matter of fact, the infinity norm bounds presented in the section 2.4 hold in both noiseless
and noisy case (with some modification). The reason is that even in the noiseless case, one already
views the (rescalled) input matrix p−1AΩ as the sum of A and a random matrix E. Thus, adding
a new noise matrix Z just changes E to E +Z. This changes some parameters in the analysis, but
all general mathematical arguments are still valid.

The result by Abbe et al. [1, Theorem 3.4] yields the same approximation as in the noiseless
case, given

p ≥ 1

ε2
C2µ4

0κ
8(∥A∥∞ + σZ)

2N−1 logN, (17)

where σZ is the standard deviation of each entry of Z. If we set ε < ε0/3 (see subsection 1.3), then
again rounding off would give as an exact recovery. Similarly, algorithm AR works in the noisy
case; see [6] for the exact statement.

Summary. To summarize, in the noisy case, the infinity norm approach is currently the only one
that yields exact recovery. The latest results in this directions, [1] and [6], however, requires the
extra assumptions that the condition number is small and the gaps are large, respectively. As
disucssed at the end of Section 2, these conditions constrast each other, and we conjecture that
both of them could be removed. This leads to the main question of this paper:

Question 1. Can we use the infinity norm approach to obtain exact recovery in the noisy case
with only the three basic assumptions (low rank, incoherence, density) ?

1.6 New results: an affirmative answer to Question 1

The main goal of this paper is to give an affirmative answer to Question 1, in a sufficiently general
setting. We will show that a variant of Algorithm AR will do the job. The technical core is a new
mathematical method to prove infinity norm estimates, which is entirely different from all previous
techniques, and is of independent interest.

We would like to point out that this affirmative answer is not only a unifying result for the
noisy case, but also an improvment for the noiseless case. In the noiseless, the only approach which
does not need extra assumptions is the nuclear norm minimization (subsection 2.1). However, as
discussed, the running time for this approach is not great, and various attemps have been made
to improve the running time, leading to spectral algorithms such as those by Keshavan et al. Our
algorithm is basically a truncated SVD, which is effective in both theory and practice. Compared
to the spectral approach by Keshavan et al, it does not need the second, cleaning, phase. Finally,
the depenpence of the density on the relevant parameters is comparable to all previous works; see
Remarks 1.6 and 1.7.

Setting 1.3 (Matrix completion with noise). Consider the truth matrix A, the observed set Ω,
and noise matrix Z. We assume
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1. Known bound on entries: We assume ∥A∥∞ ≤ KA for some known parameter KA. This is
the case for most real-life applications, as entries have physical meaning. For instance, in the
Netflix Challenge KA = 5.

2. Known bound on rank: We do not assume the knowledge of the rank r, but assume that we
know some upper bound rmax.

3. Independent, bounded, centered noise: Z has independent entries satisfying E [Zij ] = 0 and
E
[
|Zij |l

]
≤ K l

Z for all l ∈ N and i ∈ [m], j ∈ [n]. We assume the knowledge of the upper
bound KZ . We do not require the entries to have the same distribution or even the same
variance.

We allow the parameters r, rmax, KA, KZ to depend on m and n. Under the setting above, we
propose the following algorithm to recover A:

Algorithm 1.4 (AR2). Input: the m×n matrix AΩ,Z and the discritization unit ε0 of A’s entries.

1. Sampling density estimation: Let p̂ := (mn)−1|Ω|.

2. Rescaling: Let Â := p̂−1AΩ,Z .

3. Low-rank approximation: Compute the truncated SVD Ârmax =
∑rmax

i=1 σ̂iûiv̂
T
i .

Take the largest index s ≤ rmax − 1 such that σ̂s − σ̂s+1 ≥ 20(KA +KZ)
√

rmax(m+n)
p̂ .

If no such s exists, take s = rmax. Let Âs :=
∑

i≤s σ̂iûiv̂
T
i ,

4. Rounding off: Round each entry of Âs to the nearest multiple of ε0. Return Âs.

Compared to Approximate-and-Round (AR), a minor difference is that we use an estimate p̂
of p, which is very accurate with high probability. We next use a different cutoff point for the
truncated SVD step that does not require knowing the parameter µ0.

From the complexity view point, both algorithms are very fast. It is basically just truncated
SVD, taking only O(|Ω|r) = O(pmnr) FLOPs. Our main theorem below gives sufficient conditions
for exact recovery (for the case of discrete entries).

Theorem 1.5. There is a universal constant C > 0 such that the following holds. Suppose rmax ≤
log2N . Under the model 1.3, assume the following:

• Large signal: σ1 ≥ 100rK
√

rmaxN
p , for K := KA +KZ .

• Sampling density:

p ≥ C

(
1

m
+

1

n

)
max

{
log4N,

r3K2

ε20

(
1 +

µ2
0

log2N

)}
log6N. (18)

Then with probability 1−O(N−1), the first three steps of AR2 recovers every entry of A within an
absolute error ε0/3. Consequently, if all entries are multiples integer of ε0, the rounding-off step
recovers A exactly.
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Notice that we have removed the gap condition from [6], and thus obtained an exact recovery
algorithm, using only the three basic assumptions: low rank, incoherence, density.

Well, almost! The reader, of course, has noticed that we have a new spectral assumption that
the leading singular value σ1 of A has to be sufficiently large (large signal).

First, let us point out that an assumption on the magnitude of σ1 is necessary. It is a well
known phenomenon in engineering that if the intensity of the noise dominates the signal of the
data, then the noisy data is often totally corrupted. From the mathematical view point, it is a well
known fact, called the BBP threshold phenomenon [2], that if ∥Z∥ ≥ c∥A∥ = cσ1, for a specific
constant c, then the sum A + Z behaves like a random matrix [2, 18, 29, 12, 5, 19]. For instance,
the leading singular vectors of A+Z look totally random and have nothing to do with the leading
singular vectors of A. This shows that there is no chance that one can recover A from the (even
fully observed) noisy matrix A + Z. In the results discussed earlier, this large signal assumption
(if not explictly stated) is implicit in the setting of the model (see, for instance, the bound in the
next paragraph).

Second, we emphasize that the bound required for σ1 is very mild. In most cases, it is auto-
matically satisfied by the simple fact that σ2

1 ≥ r−1∥A∥2F . To see this, let us consider the base case
when n = Θ(m), 1

n∥A∥F = Θ(1) (a normalization, for convenience), r = O(1) . In this case,

σ1 ≥ r−1∥A∥F = Ω̃(n). (19)

If we assume KA,KZ = O(1), then our requirement on σ1 in the theorem becomes

σ1 = Θ(
√
n/p),

which is guaranteed automatically (with room to spare) by (19), since we need p = Ω(log n/n). As
a matter of fact, the requirement σ1 = Θ(

√
n/p) is consistend with the BBP phenomenon discussed

above. Indeed, if we consider the rescalled input

p−1AΩ,Z = p−1AΩ + p−1Z,

then the
√

n/p is the order of magnitude of the spectral norm of noisy part ∥1
pZΩ∥, and the

spectral norm of p−1AΩ is approximately ∥A∥, with high probability. (It is well known that one
can approximate the spectral norm by random sampling.)

Remark 1.6 (Density bound). The condition (18) looks complicated, but in the common case
where A has constant rank, constantly bounded entries, and uniformly random singular vectors,
we have µ0 = O(logN), KA,KZ = O(1) and rmax = O(1), it reduces to

p ≥ Cmax
{
log4N, ε−2

0

} (
m−1 + n−1

)
log6N, (20)

which is equivalent to |Ω| ≥ CN log6N max{log4N, ε−2
0 } in the uniform sampling model. The

power of logN can be further reduced but the details are tedious, and the improvement is not
really important from the pratical view point.

Even when reduced to the noiseless case, this bound is comparable, up to a polylogarithmic
factor, to all previous results, while having the key advantage that it does not contain a power of
the condition number.

Remark 1.7 (Quadratic growth in 1/ε0). Notice that |Ω| is O(N log10N) until ε0 < log−2N ,
then it grows quadratically with 1/ε0. Interestingly, this quandratic dependence also appears in all
results discussed in Section 1.5, for both RMSE and exact recoveries.
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Remark 1.8 (Bound on rmax). The condition rmax ≤ log2N in Theorem 1.5 can be avoided, at
the cost of a more complicated sampling density bound. The full form of our bound is

p ≥ C

(
1

m
+

1

n

)
max

{
log10N,

r4rmaxµ
2
0K

2

ε20
,
r3K2

ε20

(
1 +

µ2
0

log2N

)(
1 +

r3 logN

N

)
log6N

}
.

(21)
The proof of the more general version of Theorem 1.5 with Eq. (21) replacing Eq. (18) will be
in Appendix A. We do not know of a natural setting where one expects rmax > log2N . Never-
theless this shows that our technique does not require any extra condition besides the large signal
assumption.

In the next section, we will prove Theorem 1.5, asserting the correctness of our algorithm,
AR2. We will reframe the problem from a matrix perturbation perspective, then introduce the
main technical results, which are extensions of the famous Davis-Kahan-Wedin theorem, and use
them to prove Theorem 1.5. The rest of the paper is dedicated to proving the technical theorems.

2 Proof of guarantees for recovery

2.1 Proof sketch

The proof of Theorem 1.5 aims to bound the difference Âs − A in the infinity norm. Instead of
comparing Âs with A directly, we use a series of intermediate comparisons, outlined below.

1. Let ρ := p̂/p. We bound ∥A− ρ−1A∥∞. As shown by a Chernoff bound, ρ is very close to 1,
making this error small. It remains to bound

∥ρ−1A− Âs∥∞ = ρ−1∥A− (p−1AΩ,Z)s∥∞.

Let Ã := p−1AΩ,Z , this is equivalent to bounding ∥A− Ãs∥∞, since ρ = Θ(1).

2. We bound ∥A−As∥∞. Some light calculations give ∥A−As∥∞ ≤ σs+1∥U∥2,∞∥V ∥2,∞. Using
the fact that σ̂i − σ̂i+1 is small for all i > s, we can deduce that σ̂s+1 is small, making σs+1

small too. Coupled with the incoherence property, this error will be small.

3. We bound ∥As − Ãs∥∞. Most of the heavy lifting is done here. We discuss it in detail below.

Observe that E [AΩ] = pA and E [ZΩ] = 0, we have

E
[
Ã
]
= E

[
p−1AΩ,Z

]
= E

[
p−1(AΩ + ZΩ)

]
= E

[
p−1AΩ

]
+E

[
p−1ZΩ

]
= A.

Let E := Ã − A. The above shows that E is a random matrix with mean 0. From a matrix
perturbation theory point of view, Ã is an unbiased perturbation of A. Establishing a bound on
(A+E)s−As in the infinity norm is one of the major goals of perturbation theory, and is the main
technical contribution of our paper.

Since both AΩ and Z have independent entries, so does E. The entries of E satisfy

Eij =

{
p−1(Aij + Zij)−Aij = Aij(p

−1 − 1) + p−1Zij with probability p,

−Aij with probability 1− p.
(22)

12



Consider the moments of Eij . For each l ≥ 2, e have

E
[
|Eij |l

]
=

E
[
|Aij(1− p) + Zij |l

]
pl−1

+ (1− p)|Aij |l ≤
(KA(1− p) +KZ)

l

pl−1
+ (1− p)K l

A

≤ 1

pl−1

(
l−1∑
k=0

(
l

k

)
Kk

A(1− p)kK l−k
Z +K l

A(1− p)l + pl−1(1− p)K l
A

)

≤ 1

pl−1

(
l−1∑
k=0

(
l

k

)
Kk

AK
l−k
Z +K l

A

)
=

(KA +KZ)
l

pl−1
.

(23)

We have the following result for the third step:

Theorem 2.1. Consider a fixed matrix A ∈ Rm×n. and a random matrix E ∈ Rm×n with inde-
pendent entries satisfying E [Eij ] = 0 and E

[
|Eij |l

]
≤ p1−lK l for some K > 0 and 0 < p < 1. Let

Ã = A+ E. Let s ∈ [r] be an index satisfying

δs := σs − σs+1 ≥ 40rK
√
N/p,

There are constant C and C ′ such that, if p ≥ C(m−1 + n−1) logN where N = m+ n, then

∥Ãs −As∥∞ ≤ C ′ (logN + µ0) log
2N√

mn
· rσs

(
K

σs

√
N

p
+

rK
√
logN

δs
√
p

+
r2µ0K logN

pδs
√
mn

)
. (24)

Remark 2.2. This theorem essentially gives a bound on the perturbation of the best rank-s
approximation, given that the perturbation on A is random with sufficiently bounded moments
and the singular values up to rank s are sufficiently separated from the rest. Consider the case
m = Θ(n), making both Θ(N). Suppose either of the following two popular scenarios: A is
completely incoherent, namely µ0 = O(1); or A has independent Gaussian N(0, 1) entries, making
µ0 = O(logN). The theorem is just the random version of the following:

If δs ≥ C1r∥E∥, then ∥Ãs −As∥∞ ≤ C ′ log3N

N
rσs

(
∥E∥
σs

+
r∥UTEV ∥∞

δs

)
. (25)

To see this, note that in the above setting, the first factor in the bound is simply O
(
log3 N

N

)
. As

shown near the end (Section 5), with probability 1−O(N−1),

∥E∥ = O

(
K

√
N

p

)
, ∥UTEV ∥∞ = O

(
rµ0K logN

p
√
mn

+
K
√
logN
√
p

)
.

Plugging the above into Eq. (25) recovers Eq. (24). Eq. (25) is important because it reveals
the structure of the problem. Theorem 2.1 extends the classic Davis-Kahan-Wedin theorem for
the perturbation of the best rank-s approximation in terms of the perturbation matrix E and the
singular values of A. In Section 3, we will reveal the full form of our Davis-Kahan-Wedin extension,
which is the main technical invention of this paper, compare it with previous results, and prove
Theorem 2.1 with it.

Let us complete the proof of Theorem 1.5 now, asserting the correctness of AR2.
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2.2 Proof of the matrix completion theorem

Proof of Theorem 1.5. For convenience, let K := KA,Z = KA +KZ . Recall that in the discussion,
we defined the following terms:

ρ :=
p̂

p
, Ã = ρÂ = p−1AΩ,Z , E = Ã−A,

and E is a random matrix with mean 0, independent entries satisfying E
[
|Eij |l

]
= p1−lK l by Eq.

(23). Recall that we have the SVD Â =
∑

i σ̂iûiv̂
T
i . Similarly, denote the SVD of Ã by

Ã =

min{m,n}∑
i

σ̃iũiṽ
T
i .

We have the relation ũi = ûi, ṽi = v̂i and σ̃i = ρ−1σ̂i for each i.
From the sampling density assumption, a standard application of concentration bounds [22, 13]

guarantees that, with probability 1−O(N−2),

0.9 ≤ 1− 1√
N

≤ 1− logN
√
pmn

≤ ρ ≤ 1 +
logN
√
pmn

≤ 1 +
1√
N

≤ 1.1. (26)

Furthermore, an application of well-established bounds on random matrix norms gives

∥E∥ ≤ 2K
√
N/p, (27)

with probability 1 − O(N−1). See [3, 35], [33, Lemma A.7] or [3] for detailed proofs. Therefore
we can assume both Eqs. (26) and (27) at the cost of an O(N−1) exceptional probability. The
sampling density condition (Eq. (18) is equivalent to the conjunction of two conditions:

p ≥ C

(
1

m
+

1

n

)
log10N, (28)

p ≥ Cr3K2

ε2

(
1 +

µ2
0

log2N

)(
1

m
+

1

n

)
log6N. (29)

Before entering the three steps outlined in the proof sketch, we show that the SVD step is
guaranteed to choose a valid s ∈ [r] such that δ̂s ≥ 20K

√
rmaxN/p̂. Choose an index l ∈ [r] such

that δl ≥ σ1/r, which exists since
∑

l∈[r] δl = σ1. We have, by Weyl’s inequality,

δ̃l ≥ δl − ∥E∥ ≥ σ1
r

− 2K

√
N

p
≥ (100r1/2max − 4)K

√
N

p
≥ 90K

√
rmaxN

p
.

Therefore

δ̂l ≥ ρ−1δ̃l ≥ 90ρ−1K

√
rmaxN

p
≥ 80ρ−1/2K

√
rmaxN

p
= 80K

√
rmaxN

p̂
,

so the cutoff point s is guaranteed to exist. To see why s ∈ [r], note that, again by Weyl’s inequality,

δ̃r+1 ≤ σ̃r+1 ≤ σr+1 + ∥E∥ = ∥E∥ ≤ 2K
√
N/p.

Therefore,

δ̂r+1 = ρ−1δ̃r+1 ≤ 2ρ−1K

√
N

p
≤ 3ρ−1/2K

√
N

p
= 3K

√
N

p̂
< 20K

√
rmaxN

p̂
.

We want to show that the first three steps of AR2 recover A up to an absolute error ε, namely
∥Âs −A∥∞ ≤ ε. We will now follow the three steps in the sketch.
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1. Bounding ∥A− ρ−1A∥∞. We have

∥A− ρ−1A∥∞ =
∣∣ρ−1 − 1

∣∣ ∥A∥∞ ≤ KA

.9
√
N

< ε/4.

2. Bounding ∥As − A∥∞. Firstly, we bound σs+1. We have, since δ̃s is the last singular value

gap of Ã such that δ̃s ≥ 20ρ−1/2K
√

rmaxN
p , then

σs+1 ≤ σ̃s+1 + ∥E∥ ≤ 20ρ−1/2rK

√
rmaxN

p
+ 2K

√
N

p
≤ 22rK

√
rmaxN

p
. (30)

For each fixed indices j, k, we have

|(As −A)jk| =
∣∣UT

j,·Σ[s+1,r]Vk,·
∣∣ ≤ σs+1∥U∥2,∞∥V ∥2,∞ ≤ 22rK

√
rmaxN

p

rµ0√
mn

=

√
222r4rmaxµ2

0K
2

p

(
1

m
+

1

n

)
≤

√
222rrmax

C log4N
≤ ε/4,

where the last inequality comes from Eq. (29) and the assumption that rmax ≤ log2N , if C
is large enough. Since this holds for all pairs (j, k), we have ∥As −A∥∞ ≤ ε/4.

3. Bounding ∥Ãs −As∥∞, with probability 1−O(N−1). The condition (28) guarantees that we
can apply Theorem 2.1. We will get, by Eq. (24)

∥Ãs −As∥∞ = C ′ (µ0 + logN) log2N√
mn

· rK

(√
N

p
+

logN

p

σs
δs

)
. (31)

Under the assumption rmax ≤ log2N , we can further simplify. We have

δs ≥ δ̃s − 2∥E∥ ≥ 20ρ−1/2

√
rmaxN

p
− 4K

√
N

p
≥ 18

√
rmaxN

p
.

Therefore, by Eq. (30), σs+1 < 2δs, so

σs
δs

= 1 +
σs+1

δs
< 1 + 2r ≤ 3r.

Back to Eq. (31), consider the second factor of the right-hand side, we have

logN

p

σs
δs

≤ 3r logN

p
≤ 3r

√
N

p

logN√
pN

≤ 3r

log4N
·

√
N

p
<

√
N

p
.

Therefore Eq. (31) becomes

∥Ãs −As∥∞ ≤ 2C ′ (µ0 + logN)rK
√
N log2N

√
pmn

.

We want this term to be at most ε/4. We have

2C ′ (µ0 + logN)rK
√
N log2N

√
pmn

≤ ε

4
⇔ p ≥ (2C ′)2r2K2(µ0 + logN)2 · N

mn
log4N

⇔ p ≥ (2C ′)2r2K2

(
1 +

µ0

logN

)2( 1

m
+

1

n

)
log6N.

This is satisfied by the condition (29), when C is large enough. The third step is complete.

15



Now we combined the three steps. We have, by triangle inequality,

∥Âs −A∥∞ = ∥ρ−1Ãs −A∥∞ ≤ ∥A− ρ−1A∥∞ + ρ−1
(
∥Ãs −As∥∞ + ∥As −A∥∞

)
≤ ε

4
+ 1.2

(ε
4
+

ε

4

)
< .9ε.

The total exceptional probability is O(N−1). The proof is complete.

3 Extension of the Davis-Kahan-Wedin theorem for the ∞-norm

Now that our matrix completion algorithm (AR2) has been verified, we will focus on proving
Theorem 2.1. From this point onwards, let us put aside the matrix completion context and simply
consider matrix perturbation model Ã = A+ E.

Setting 3.1 (Matrix perturbation). Consider a fixed m× n matrix A with SVD

A = UΣV T =
r∑

i=1

σiuiv
T
i , where σ1 ≥ σ2 ≥ . . . σr.

Consider a m×n matrix E, which can be deterministic or random, which we called the perturbation
matrix. Let Ã = A+ E be the perturbed matrix with the following SVD:

Ã = Ũ Σ̃Ṽ T =
m∧n∑
i=1

σ̃iũiṽ
T
i where σ̃1 ≥ σ̃2 ≥ . . . σ̃r.

Define the following terms related to A and Ã:

1. For k ∈ [r], δk := σk − σk+1, using σr+1 = 0, and let ∆k := δk ∧ δk−1.

2. For S ⊂ [r], let σS := min{σi : i ∈ S} and ∆S := min{|σi − σj | : i ∈ S, j ∈ Sc}.

3. For S ⊂ [r], define the following matrices:

VS :=
[
vi
]
i∈S , US :=

[
ui
]
i∈S , AS :=

∑
i∈S

σiuiv
T
i .

When S = [s] for some s ∈ [r], we also use Vs, Us, As respectively to denote the three above.

Define analogous notations δ̃k, ∆̃k, σ̃S , ∆̃S , ṼS , ŨS , and ÃS for Ã.

3.1 The Davis-Kahan-Wedin theorem for the spectral norm

One of the most well-known results in perturbation theory is the Davis-Kahan sinΘ theorem
[16], which bounds the change in eigenspace projections by the ratio between the perturbation and
the eigenvalue gap. The extension for singular subspaces, proven by Wedin [36], states that:

∥ŨsŨ
T
s − UsU

T
s ∥ ∨ ∥ṼsṼ

T
s − VsV

T
s ∥ ≤ C∥E∥

δs
for a universal constant C. (32)

There are three challenges if one wants to apply this theorem in order to attack our problem:
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1. The inequality above only concerns the change in the singular subspace projections, while the
change in the low-rank approximation ŨsΣ̃sṼ

T
s is needed.

2. The bound on the right-hand side requires the spectral gap-to-noise ratio at index s to be
large to be useful, which is a strong assumption.

3. The left-hand side is the operator norm, while an infinity norm bound is needed for exact
recovery after rounding.

A key observation is that, similarly to the Frobenius norm bound in [8], Eq. (32) works for
all perturbation matrices E. Per the discussion in [34], the worst case (equality) only happens
when there are special interactions between E and A. A series of papers by Vu and coauthors
[28, 34] exploited the improbability of such interactions when E is random and A has low rank,
and improved the bound significantly.

O’Rourke, Vu and Wang [28] proved the following:

∥ṼsṼ
T
s − VsV

T
s ∥ ≤ C

√
s

(
∥E∥
σs

+

√
r∥UTEV ∥∞

δs
+

∥E∥2

δsσs

)
,

with high probability, effectively turning the noise-to-gap on the right-hand side of Eq. (32) into
the noise-to-signal ratio, which can be much smaller than the former in many cases.

P. Tran and Vu then [34] improved the third term, at the cost of an extra factor of
√
r, which

does not matter when A has constant rank. They showed that when

∥E∥
σs

∨ 2r∥UTEV ∥∞
δs

∨
√
2r∥E∥√
δsσs

≤ 1

8
,

then

∥ṼsṼ
T
s − VsV

T
s ∥ ≤ Cr

(
∥E∥
σs

+
2r∥UTEV ∥∞

δs
+

2ry

δsσs
.

)
,

replacing the term ∥E∥2 in [28] with the smaller y := 1
2 maxi ̸=j(|uTi EETuj | + |vTi ETEvj |). This

quantity is at most ∥E∥2. However, it can be significantly smaller in many cases, notably when E
is regular [34], meaning there is a common σ such that:

σ2 =
1

m

m∑
i=1

Var [Eij ] =
1

n

n∑
j=1

Var [Eij ] for all i ∈ [m], j ∈ [n]. (33)

The notion of random regular matrices cover most models of random matrices used in practice,
such as Wigner matrices or genearalized Wigner matrices.

Their method is easily adaptable to prove similar bounds for the deviation of other spectral
entities, with respect to difference matrix norms. The main idea is to write the difference of the
two entities as a contour integral, then use a combinatorial expansion to split this integral into
many subsums, each of which can be treated using tools from complex analysis, linear algebra, and
combinatorics. See Section 3 of [34] for a detailed discussion.

3.2 A new Davis-Kahan bound for the infinity norm

In this paper, we adapt and further develop the method in [34] to obtain perturbation bound in the
infinity norm. As an infinity norm estimate is much usually much harder than an operator norm,
the analysis gets significantly more involved, and we need to find several new ideas to deal with
the new difficulties. Our main result is the following:
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Theorem 3.2. Consider the objects in Setting 3.1. Suppose some positive numbers τ1, τ2, and H
satisfy ∥E∥ ≤ H and for all 0 ≤ a ≤ 10 log(m+ n), we have:

max
{
H−2a

∥∥(EET )aU
∥∥
2,∞ , H−(2a+1)

∥∥(EET )aEV
∥∥
2,∞

}
≤ τ1

√
r,

max
{
H−2a

∥∥(ETE)aV
∥∥
2,∞ , H−(2a+1)

∥∥(ETE)aETU
∥∥
2,∞

}
≤ τ2

√
r.

(34)

Consider an arbitrary subset S ⊂ [r]. Suppose that S satisfies

H
σS

∨ 2r∥UTEV ∥∞
∆S

∨
√
2r∥E∥√
∆SλS

≤ 1

8
, (35)

Then there is a universal constant C such that∥∥∥ṼSṼ
T
S − VSV

T
S

∥∥∥
∞

≤ Cτ21 r

(
H
σS

+
2r∥UTEV ∥∞

∆S
+

2ry

∆SσS

)
+

1

m+ n
, (36)

∥∥∥ṼSṼ
T
S − VSV

T
S

∥∥∥
2,∞

≤ Cτ1r

(
H
σS

+
2r∥UTEV ∥∞

∆S
+

2ry

∆SσS

)
+

1

m+ n
, (37)

where

y :=
1

2
max
i ̸=j

(|uTi EETuj |+ |vTi ETEvj |).

When S = [s] for some s ∈ [r], we also have

∥Ãs −As∥∞ ≤ Cτ1τ2rσs

(
H
σs

+
2r∥UTEV ∥∞

δs
+

2ry

δsσs

)
+

1

m+ n
. (38)

Analogous bounds for U and Ũ hold, with U and V swapped. The theorem above is deterministic
and works for all perturbation matrices E. When E is random, we can plug in high-probability
estimates for the terms therein to get a “random” version. Let us interpret the meanings of the
terms to get a sense of which expressions to plug in. Suppose the entries of E are independent with
mean 0, variance at most ς2 and almost sure upper bound M .

The term H plays the role of ∥E∥, but defining it as an upper bound offers more flexibility for
Eq. (34). Various works on random matrix norms [3, 35] give the estimate H = O(ς

√
m+ n). The

terms τ1 and τ2 are the localization coefficients. They play the roles of the coherence parameters
in the matrix completion setting. A trivial choice is τ1 = τ2 = 1/

√
r, since we have

∥(EET )aU∥2,∞ ≤ ∥E∥2a, ∥(ETE)aEU∥2,∞ ≤ ∥E∥2a+1,

and analogously for V . However, they can be vastly improved when ∥U∥2,∞ and ∥V ∥2,∞ are small.
Our analysis later will give the estimates

τ1 = O

(
logN

√
µ(U)

m
+

log3/2N√
N

+
M log3N√

N
·
√

µ(V )

n

)
,

and symmetrically for τ2, where µ(U) and µ(V ) are the individual incoherence parameters defined
in Eq. (2). Assume a setting where m = Θ(n) = Θ(N) and K ≤

√
N log−2N . Suppose both

µ(U = Θ(µ(V )) = Θ(µ0), then the above is simply

τ1 = Θ(τ2) = O

(
logN

√
µ0 + logN

N

)
.
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Observe that replacing H with ∥E∥ in the three bounds recovers the term

∥E∥
σS

+
2r∥UTEV ∥∞

∆S
+

2ry

∆SσS

in the Davis-Kahan bound on ∥ṼsṼ
T
s − VsV

T
s ∥ in [34]. In the ball part, our bounds are essentially:∥∥∥ṼSṼ

T
S − VSV

T
S

∥∥∥
∞

≤ C
µ(V )

n

∥∥∥ṼSṼ
T
S − VSV

T
S

∥∥∥ ,∥∥∥ṼSṼ
T
S − VSV

T
S

∥∥∥
2,∞

≤ C

√
µ(V )

n

∥∥∥ṼSṼ
T
S − VSV

T
S

∥∥∥ ,
∥∥∥Ãs −As

∥∥∥
∞

≤ C

√
µ(U)µ(V )

mn

∥∥∥ṼsṼ
T
s − VsV

T
s

∥∥∥ ,
(39)

with some additional polylogarithmic factors.
The term ∥UTEV ∥∞ is the maximum among sums of independent random variables, whose

sizes are concentrated around ς(
√
logN +M∥U∥∞∥V ∥∞ logN) by the Bernstein bound [22, 13].

The term y has been analyzed in [34] and mentioned above. We use the trivial upper bound
∥E∥2 = O(ς2(m+ n)), which is enough to prove Theorem 1.5.

The full “random” version of Theorem 3.2 looks like:

Theorem 3.3. Consider the objects in Setting 3.1. Let ε ∈ (0, 1) be arbitrary Suppose E is a
random m× n matrix with independent entries satisfying:

E [Eij ] = 0, E
[
|Eij |2

]
≤ ς2, E

[
|Eij |l

]
≤ M l−2ς l for all p ∈ N≥2, (40)

where M and ς are parameters. Let N = m+ n. Define

τ1 :=
M∥U∥2,∞ log3N√

rN
+

∥V ∥2,∞ logN√
r

+
log3/2N√

N
,

and define τ2 symmetrically by swapping U and V . For an arbitrary subset S ⊂ [r], suppose

ς
√
m+ n

σS
∨ rς(

√
logN +M∥U∥∞∥V ∥∞ logN)

∆S
∨ ς

√
rN√

∆SσS
≤ 1

16
. (41)

Let

RS :=
ς
√
N

σS
+

rς(
√
logN +M∥U∥∞∥V ∥∞ logN)

∆S
+

2rς2N

∆SσS
.

There are universal constants c and C such that: If M ≤ cN1/2 log−5N , then with probability at
least 1−O(N−1), ∥∥∥ṼSṼ

T
S − VSV

T
S

∥∥∥
∞

≤ Cτ21 rRS +
1

N
, (42)∥∥∥ṼSṼ

T
S − VSV

T
S

∥∥∥
2,∞

≤ Cτ1rRS +
1

N
. (43)

Analogous bounds for U and Ũ hold, with τ2 replacing τ1.
When S = [s] for some s ∈ [r], we slightly abuse the notation to let

Rs := R[s] =
ς
√
N

σs
+

rς(
√
logN +M∥U∥∞∥V ∥∞ logN)

δs
+

2rς2N

δsσs
.
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Then with probability 1−O(N−1),

∥Ãs −As∥∞ ≤ Cτ1τ2rσsRs +
1

N
. (44)

Furthermore, for each ε > 0, if the term 2rς2N
∆SσS

in RS is replaced with

r

∆SσS
inf

{
t : P

(
max
i ̸=j

(|viETEvj |+ |uiEETuj |) ≤ 2t

)
≥ 1− ε

}
,

then all three bounds above hold with probability at least 1− ε−O(N−1).

Going back to the matrix completion setting, we can use this theorem to prove Theorem 2.1.

Proof of Theorem 2.1. Let ς = K/
√
p and M = 1/

√
p. Then for C sufficiently large, p ≥ C(m−1 +

n−1) log10N implies M ≤ c
√
N log−5N , meaning we can apply Theorem 3.3, specifically Eq. (44)

for this choice of ς and M if the condition (41) holds. We check it for S = [s]. Given that
σs ≥ δs ≥ 40K

√
rN/p, we have

ς
√
N

σS
=

K

σS

√
rN

p
≤ 1

40
√
r
<

1

16
,

ς
√
rN√
δsσs

≤ K
√
rN

√
p · 40rK

√
rN/p

≤ 1

40
<

1

16
,

and, using the fact µ0 ≤ N and the assumption r ≤ log2N ,

rς(
√
logN +M∥U∥∞∥V ∥∞ logN

δS
≤ rK

√
logN

δs
√
p

+
r2Kµ0 logN

δsp
√
mn

≤
√
r logN

40
√
N

+
r3/2µ0 logN√

pmnN
≤

√
r logN

40
√
N

+
r3/2µ0 logN√
CN log5N

≤ 1

logN
<

1

16
.

It remains to transform the right-hand side of Eq. (44) to the right-hand side of Eq. (24). We have

τ1 ≤
√
µ0 log

3N
√
pmN

+
log3/2N√

N
+

√
µ0 logN√

n
≤ log3/2N√

N
+

√
2µ0 logN√

n
.

Combining with the symmetric bound for τ2, we get

τ1τ2 ≤
log3N

N
+

√
µ0 log

5/2N
√
N

·
√
2m+

√
2n√

mn
+

2µ0 log
2N√

mn
≤ 4 log2N

logN + µ0√
mn

,

which is the first factor on the right-hand side of Eq. (24).
Consider the term Rs. From the above, we have

Rs ≤
K

σS

√
rN

p
+

rK
√
logN

δs
√
p

+
r2Kµ0 logN

δsp
√
mn

+
K2rN

pδsσs
.

Since δs ≥ 40K
√
rN/p, the fourth term is at most 1/40 of te first term. Removing it recovers

exactly the second factor on the right-hand side of Eq. (24). The proof is complete.

In the next section, we will prove Theorem 3.2. Then we will provide necessary probablistic
bounds and prove Theorem 3.3 in Section 5. The technical bounds whose proof do not fit in the
main body will be in Section B.
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4 Proof of main results: the deterministic case

To prove Theorems 3.2, we are interested in the differences ṼSṼ
T
S −VSV

T
S and Ãs−As. As we shall

see in the next part, both can be expressed as almost identical power series of the noise matrix
E, provided the conditions of the theorem hold. We will establish a common procedure to bound
both, consisting of three steps:

1. Expand the matrices above as instances of the same generic power series.

2. Bound each individual term in the generic power series with terms that shrink geometrically
with each power of E.

3. Sum all bounding terms as a geometric series to obtain the final bound.

4.1 Step 1: A Taylor-like expansion using contour integration

We first introduce the symmetrization trick. For any m× n matrix A of rank r, let

Asym :=

(
0 A
AT 0

)
. (45)

If A has the SVD: A = σ1u1v
T
1 + . . .+ σrurv

T
r , then Asym has the eigendecomposition:

Asym = WΛW T =
m+n∑
i=1

λiwiw
T
i ,

where for each i ∈ [m+ n]:

• If 1 ≤ i ≤ r: λi = σi and wi =
1√
2
[ui, vi]

T .

• If r + 1 ≤ i ≤ 2r: λi = σi and wi =
1√
2
[ui, −vi]

T .

• The remaining eigenvalues are all 0 and the corresponding eigenvectors are an arbitrary basis
for the complement space of the span of the nonzero eigenspace.

Note that the singular values of Asym are again σ1, . . . , σr, but each with multiplicity 2, thus the
matrices

Ws :=
[
w1, w2, . . . ws, wr+1, . . . wr+s

]
, (Asym)s :=

s∑
i=1

λiwiw
T
i +

r+s∑
i=r+1

λiwiw
T
i

are respectively, the singular basis of the most significant 2s vectors and the best rank-2s approx-
imation of Asym. However, we still use the subscript s instead of 2s to emphasize their relation to
the quantities Us, Vs and As. For an arbitrary subset S ⊂ [r], we analogously denote

WS :=
[
wi, wi+r

]
i∈S , and (Asym)S :=

∑
i∈S

λiwiw
T
i +

∑
i−r∈S

λiwiw
T
i .

We define Λ̃, λ̃i, w̃i and W̃s, W̃S , Ãs, ÃS similarly for Ã = A+ E. The resolvent of Asym, which is
a function of a complex variable z, can now be written:

(zI −Asym)
−1 =

m+n∑
i=1

wiw
T
i

z − λi
=

2r∑
i=1

wiw
T
i

z − λi
+

I −WW T

z
,
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where W is the matrix whose columns are {wi}2 rankMi=1 .
The main idea for proving Theorems 3.2 and 3.3 is a Taylor-like expansion of the difference of

resolvents

(zI − Ãsym)
−1 − (zI −Asym)

−1 =

∞∑
γ=1

[
(zI −Asym)

−1Esym

]γ
(zI −Asym)

−1,

which has been proven in [34] to hold whenever the right-hand side converges.
Assuming this is true, we can then extract out the differences of the singular vector projections.

The above can be rewritten as

m+n∑
i=1

w̃iw̃
T
i

z − λ̃i

−
m+n∑
i=1

wiw
T
i

z − λi
=

∞∑
γ=1

(∑
λi ̸=0

wiw
T
i

z − λi
+

I −WW T

z

)
Esym

γ (∑
λi ̸=0

wiw
T
i

z − λi
+

I −WW T

z

)
.

(46)
Let ΓS denote an arbitrary contour in C that encircles {±σi,±σ̃i}i∈S and none of the other eigen-
values of W̃ and W . Integrating over ΓS of both sides and dividing by 2πi, we have[

ŨSŨ
T
S − USU

T
S 0

0 ṼSṼ
T
S − VSV

T
S

]
= W̃SW̃S −WSW

T
S

=

∞∑
γ=1

∮
ΓS

dz

2πi

(∑
λi ̸=0

wiw
T
i

z − λi
+

I −WW T

z

)
Esym

γ (∑
λi ̸=0

wiw
T
i

z − λi
+

I −WW T

z

)
.

(47)

We quickly note that the following identity can be obtained by multiplying both sides of Eq. (46)
with z, dividing by 2πi and integrating over ΓS :

(ÃS −AS)sym = (Ãsym)S − (Asym)S =
∑

i∈S∨i−r∈S

(
zw̃iw̃

T
i

z − λ̃i

− zwiw
T
i

z − λi

)

=
∞∑
γ=1

∮
ΓS

zdz

2πi

(∑
λi ̸=0

wiw
T
i

z − λi
+

I −WW T

z

)
Esym

γ (∑
λi ̸=0

wiw
T
i

z − λi
+

I −WW T

z

)
.

(48)

It is thus beneficial to find a common strategy that can bound both these expressions at the
same time, It is thus beneficial to consider the following general expression for ν ∈ N:

Tν :=

∮
ΓS

zνdz

2πi

(∑
λi ̸=0

wiw
T
i

z − λi
+

I −WW T

z

)
Esym

γ (∑
λi ̸=0

wiw
T
i

z − λi
+

I −WW T

z

)
. (49)

Our common strategy will establish a bound on this generic form, which implies Eqs. (36) and (37)
for ν = 0 and Eq. (38) for ν = 1.

Next, we will expand each power in this series into a big sum and describe the idea to bound
each summand individually. To ease the notation, denote

Pi := wiw
T
i , for i = 1, 2, . . . , 2r, and Q := I −WW T .

Note that we have the following identity of terms:∑
λi ̸=0

Pi

z − λi
+

Q

z
=
∑
λi ̸=0

λiPi

z(z − λi)
+

I

z
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Plugging the above into Eq. (49), we get

Tν =

∞∑
γ=1

∮
ΓS

zνdz

2πi

(∑
λi ̸=0

λiPi

z(z − λi)
+

I

z

)
Esym

γ (∑
λi ̸=0

λiPi

z(z − λi)
+

I

z

)
. (50)

Fix γ ∈ N, γ ≥ 1 and consider the γ-power term in the series. Expanding the power yields a sum
of terms of the form∮

ΓS

zνdz

2πi

(
I

z
Esym

)α0 λi11Pi11

z(z − λi11)
Esym

λi12Pi12

z(z − λi12)
. . . Esym

λi1β1
Pi1β1

z(z − λi1β1
)
Esym

(
I

z
Esym

)α1

λi21Pi21

z(z − λi21)
Esym . . . Esym

λi2β2
Pi2β2

z(z − λi2β2
)
Esym

(
I

z
Esym

)α2

. . . Esym

λihβh
Pihβh

z(z − λihβh
)

(
Esym

I

z

)αh

,

which can be rewritten as

Cν(I)Eα0
sym

[
h−1∏
k=1

M (ik)E
αk+1
sym

]
M (ih)E

αh
sym , (51)

where we denote
I := [i1, i2, . . . , ih], ik := [ik1, ik2, . . . , ikβk

],

and for a non-empty sequence i = [i1, i2, . . . , iβ] we denote the monomial matrix

M (i) := Pi1

β∏
j=2

EsymPij , (52)

and the scalar integral coefficient for the non-empty sequence I = [i11, i12, . . . , ihβh
]

Cν(I) :=
∮
ΓS

dz

2πi

1

zγ+1

h∏
k=1

βk∏
j=1

λikj

z − λikj

. (53)

Let Πh(γ) be the set of all tuples of α = [αk]
h
k=0 and β = [βk]

h
k=1 such that:

• α0, αh ≥ 0, and αk ≥ 1 for 1 ≤ k ≤ h− 1,

• βk ≥ 1 for 1 ≤ k ≤ h,

• α+ β = γ + 1, where α :=

h∑
k=0

αk, and β :=

h∑
k=1

βk.

(54)

Note that the conditions above imply 2h− 1 ≤ γ + 1, so the maximum value for h is ⌊γ/2⌋+ 1.
Combining Eqs. (50), (53), and (52), we get the expansion

Tν =

∞∑
γ=1

T (γ)
ν , where T (γ)

ν =

⌊γ/2⌋+1∑
h=0

T (γ,h)
ν , where T (γ,h)

ν =
∑

(α,β)∈Πh(γ)

Tν(α,β). (55)

where

Tν(α,β) :=
∑

I∈[2r]β1+...+βh

Cν(I)Eα0
sym

[
h−1∏
k=1

M (ik)E
αk+1
sym

]
M (ih)E

αh
sym . (56)

Let us look at the main theorem again. Consider Eqs. (36) and (38). The most common way to
bound the infinity norms of ṼSṼ

T
S − VSV

T
S and Ãs −As with high probability is the following:
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1. Consider an arbitrary of the matrices above.

2. Bound this entry with probability close to 1.

3. Apply a union bound over all possible entries.

For Eq. (37), since the 2-to-∞ norm of a matrix is simply the norm of the largest row, we can use
the aforementioned strategy by replacing the fixed entry with a fixed row in the first step.

Consider an arbitrary jl-entry of ṼSṼ
T
S − VSV

T
S . It corresponds to the (m+ j)(m+ l)-entry of

W̃SW̃
T
S −WSW

T
S . From Eqs. (55) and (56), this entry will can be written as

eTm+n,m+jT0em+n,m+k =
∞∑
γ=1

⌊γ/2⌋+1∑
h=0

∑
(α,β)∈Πh(γ)

eTm+n,m+jT0(α,β)em+n,m+k. (57)

Similarly, the expansions for a single row of ṼSṼ
T
S − VSV

T
S or a single entry of Ãs − As also have

the form MTTνM ′, where M and M ′ is either a standard basis vector em+n,j or Im+n.
It is thus beneficial to establish a bound for generic choices of M and M ′ in the operator norm,

which covers both the Euclidean norm of a vector and the absolute value of a number. In fact,
our proof works for any sub-multiplicative norm, which we use the generic ∥ · ∥ to denote from this
point to the end of this section.

We summarize the objects involved in the bound and its proof below.

Setting 4.1. Let the following objects and properties be given:

• Λ = {λi}i∈[2r]: a set of real numbers such that δi := λi − λi+1 > 0 for each i ≤ r − 1,
δr = λr > 0, and λi = −λi−r for i ≥ r + 1.

• W = {wi}i∈[2r] for i ∈ [2r]: a set of orthonormal vectors in Rm+n. We slightly abuse the
notation here and use W as an orthogonal matrix when necessary.

• S: an arbitrary subset of {λi}i∈[r].

• γ and h: positive integers such that 2h− 1 ≤ γ + 1.

• Πh(γ): the set of pairs of index sequences (α,β) satisfying Eq. (54).

• Cν = Cν,Λ,S :
⋃γ+1

β=0[2r]
β → R: the mapping from an index sequence I to its integral coefficient

defined in Eq. (53).

• E: an arbitrary matrix in Rm×n, and let Esym be defined analogously to Eq. (45).

• M = MW,E :
⋃γ+1

β=0[2r]
β → R(m+n)×(m+n): the mapping from an index sequence i to its

monomial matrix defined in Eq. (52).

• M and M ′: arbitrary matrices with m+ n rows.

• Tν : the target sum defined in Eq. (55). The sub-terms T (γ)
ν , T (γ,h)

ν are defined in the same
equation, while Tν(α,β) is defined in Eq. (56).

We aim to upper bound ∥MTTνM ′∥ for a sub-multiplicative norm ∥ · ∥.

This concludes the first of the three-step common strategy. In the next section, we will establish
a bound on ∥MTTν(α,β)M ′∥ for each pair (α,β), and in the section after, will sum all such bounds
over all choices of α, β, h and γ.
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4.2 Step 2: Bounding the terms in the infinite series

We begin with a bound for the integral coefficients, in the cases that we are interested in.

Lemma 4.2. Consider the objects defined in Setting 4.1 and an arbitrary tuple I := {ik}k∈[β] ∈ [2r]β

and denote the following:

βS(I) := |{1 ≤ k ≤ β : ik ∈ S}| ,
λS(I) := min{|λik | : k ∈ S},
∆S(I) := min{|λik − λil | : ik ∈ S, il /∈ S}.

We have,

|Cν(I)| ≤ Lν(I)

(
1 +

∆S(I)

λS(I)

)βSc (I)(γ + βS(I)− 2

βS(I)− 1

)
1

λS(I)γ+1−β∆S(I)β−1
, (58)

where L0(I) = 2 and L1(I) = λS(I) . Consequently, when either ν = 0 or ν = 1 and λS(I) if S = [s]
for some s ∈ [r]:

|Cν(I)| ≤ Lν

(
1 +

∆S

λS

)βSc (I)(γ + βS(I)− 2

βS(I)− 1

)
1

λγ+1−β
S ∆β−1

S

, (59)

where L0 = 2 and L1 = λs.

Proof. See Section B.1.

Note that in order for Eq. (59) to hold for ν = 1, S needs to contain exactly the first s indices
for some s. In the steps that follow, we will mainly use Eq. (59), with one exception where the
more precise Eq. (58) is needed. It thus makes sense to keep both.

Using the above lemma, we obtain the following bound for Tν(α,β):

Lemma 4.3. Consider objects in Setting 4.1 and Lemma 4.2. Assume that either ν = 0 or ν = 1
and S = [s] for some s ∈ [r]. For each γ ≥ 1, 0 ≤ h ≤ γ/2 + 1, α,β ∈ Πh(γ), we have

∥Tν(α,β)∥ ≤ Lν

(
γ + β − 2

β − 1

)
∥W TEsymW∥β−h

∞ ∥E∥α−α0−αh+h−1 (2|S|+ 2ρ|Sc|)β−2

λγ+1−β
S ∆β−1

S

·
2r∑
i=1

ρ1{ik∈S
c} ∥∥wT

i E
α0
symM

∥∥ · 2r∑
i=1

ρ1{ik∈S
c} ∥∥wT

i E
αh
symM

′∥∥ , (60)

where ρ := (λS +∆S)/(2λS). Consequently,

∥Tν(α,β)∥ ≤ Lν

(
γ + β − 2

β − 1

)
∥W TEsymW∥β−h

∞ ∥E∥α−α0−αh+h−1

· (2r)β−2

λγ+1−β
S ∆β−1

S

·
2r∑
i=1

∥∥wT
i E

α0
symM

∥∥ · 2r∑
i=1

∥∥wT
i E

αh
symM

′∥∥ . (61)

Since the bound in Eq. (60) is rather cumbersome, we will mostly use Eq. (61). Eq. (60) is
still useful for future development in this direction.
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Proof. We can simplify the monomial matrix by extracting many scalars from it as below:

M (I) = wi1w
T
i1

β∏
j=2

Esymwijw
T
ij = wi1

( β∏
j=2

wT
ij−1

Esymwij

)
wT
iβ

=
( β∏
j=2

Xij−1ij

)
wi1w

T
iβ
,

where we temporarily denote X := W TEsymW . From Eq. (56), we thus have

Tν(α,β) =
∑

I∈[2r]β
Cν(I)D(α,β, I)

(
MTEα0

symwi1

) (
wT
ihβh

Eαh
symM

′
)
, (62)

where

D(α,β, I) :=
h∏

k=1

βk∏
j=2

Xik(j−1)ikj ·
h−1∏
k=1

wT
ikβk

Eαk+1
sym wi(k+1)1

. (63)

We can obtain an upper bound for |D(α,β, I)| by replacing every term in the first product of Eq.
(63) with ∥X∥∞, and replacing every instance of E with ∥E∥ in the second product. Therefore

|D(α,β, I)| ≤ ∥X∥β−h
∞ ∥E∥α−α0−αh+h−1. (64)

This bound does not depend on the choice of I, so we have

∥Tν(α,β)∥ ≤ ∥X∥β−h
∞ ∥E∥α−α0−αh+h−1

∑
I∈[2r]β

|Cν(I)|
∥∥MTEα0

symwi1

∥∥∥∥∥wT
ihβh

Eαh
symM

′
∥∥∥ .

Note that the previous two steps use the sub-multiplicativity of ∥ · ∥. Temporarily let T be the sum
on the right-hand side. Applying the integral coefficient bound from Lemma 4.2, we have

|Cν(I)| ≤ Lν

(
1 +

∆S

λS

)βSc (I)(γ + βS(I)− 2

βS(I)− 1

)
1

λγ+1−β
S ∆β−1

S

≤ Lν

(
γ + β − 2

β − 1

)(
λS +∆S

2λS

)βSc (I) 1

λγ+1−β
S ∆β−1

S

.

Replacing (λS +∆S)/(2λS) with ρ for convenience and plugging this bound into T , we get

T ≤ Lν

(
γ + β − 2

β − 1

)
1

λγ+1−β
S ∆β−1

S

∑
I∈[2r]β

∥∥MTEα0
symwi1

∥∥∥∥∥wT
ihβh

Eαh
symM

′
∥∥∥ β∏
k=1

ρ1{ik∈S
c}

= Lν

(
γ + β − 2

β − 1

)
(2|S|+ 2ρ|Sc|)β−2

λγ+1−β
S ∆β−1

S

2r∑
i=1

ρ1{ik∈S
c} ∥∥wT

i E
α0
symM

∥∥ 2r∑
i=1

ρ1{ik∈S
c} ∥∥wT

i E
αh
symM

′∥∥ .
The proof of Eq. (60) is complete. Eq. (61) follows from the fact that ρ ≤ 1.

To bring the bound above closer to the form required in Theorem 3.2, we will need to find good
bounds for the sum

∑2r
i=1

∥∥wT
i E

α
symM

∥∥ for a given α and M , which should involve the terms τ1 and
τ2. We are interested in the cases M = Im+n and M = em+n,k for some fixed k. In the former,
one cannot do much better than the naive bound 2r∥Esym∥α∥M∥, even when E is random. We are
interested in the cases M = Im+n and M = em+n,k for some fixed k. In the former, one cannot do
much better than the naive bound 2r∥Esym∥α∥M∥, even when E is random. In the latter, recall the
condition (34) in Theorem 3.2. The bound below is a direct result.
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Lemma 4.4. Consider the objects in Setting 4.1 and terms τ1, τ2 and H from Theorem 3.2. Then
for a matrix M ∈ {em+n,k}k∈[m+n] ∪ {Im+n}, we have

∑2r
i=1

∥∥wT
i E

α
symM

∥∥ ≤ 2rτHα
0 , where

• τ = 1√
2
τ1 and H0 = H for M ∈ {em+n,k}k∈[[m+1,m+n]].

• τ = 1√
2
τ2 and H0 = H for M ∈ {em+n,k}k∈[m].

• τ = 1 and H0 = ∥E∥ for M = Im+n.

In the upcoming third step, the formulas of τ is not important for the calculations, so we can
treat this lemma as a black box and leave its proof for later. This concludes the second step.

4.3 Step 3: Summing up the term-wise bounds in the series

Consider Eq. (55) again. The series we need to bound has the form

T =
∞∑
γ=1

T (γ)
ν , where T (γ)

ν =

⌊γ/2⌋+1∑
h=0

T (γ,h)
ν , where T (γ,h)

ν =
∑

(α,β)∈Πh(γ)

T α,β). (65)

We will bound each term in these series progressively, starting from T (γ,h)
ν . The end result will

be a general bound that implies all all of Eq. (36), (37) and (38). We use the assumption below.

Assumption 4.5. Consider the objects given by Setting 4.1. Assume that the real numbers Lν , τ ,
τ ′, H0 and H′

0 satisfy

∀S ⊂ [2r], I ∈ [2r]β : |Cν(I)| ≤ Lν

(
1 +

∆S

λS

)βSc (I)(γ + βS(I)− 2

βS(I)− 1

)
1

λγ+1−β
S ∆β−1

S

, (66)

∀α ∈ [⌈10 log(m+ n)⌉] :
2r∑
i=1

∥wT
i E

α
symM∥ ≤ 2rτHα

0 and
2r∑
i=1

∥wT
i E

α
symM

′∥ ≤ 2rτ ′H′α
0 . (67)

Assume the subset S ∈ [r] and the real numbers R, R1 and R2 satisfy

∥E∥
λS

∨ H0

λS
∨ H′

0

λS
∨ 2r∥W TEsymW∥∞

∆S
≤ R1,

√
2r∥E∥√
∆SλS

≤ R2, R1 ∨R2 ≤ R ≤ 1

8
. (68)

Additionally, let R3 be a real number such that

2r

∆SσS
max

|i−j|̸=0,r

∣∣wiE
2
symwj

∣∣ ≤ R3 ≤ R2
2. (69)

Lemma 4.6. Under Setting 4.1 and Assumption 4.5, for T (γ)
ν defined in Eq. (65), we have∣∣∣T (γ)

ν

∣∣∣ ≤ rLν

(
ττ ′1{γ ≤ 10 log(m+ n)}+ ∥M∥∥M ′∥1{γ > 10 log(m+ n)}

)
·
[
9R1(6R)γ−1 + 1{γ even}

(
4(R1

√
27/2)γ + 27R3(R2

√
27/4)γ−2

)]
.

Proof. Let us consider the case γ ≤ 10 log(m+ n) first. Then we have α0 ∨ αh ≤ 10 log(m+ n), so
the bound (67) holds. Lemma 4.3 gives

∥Tν(α,β)∥ ≤ Lν

(
γ + β − 2

β − 1

)
(2r)β∥W TEsymW∥β−h

∞ ∥E∥α−α0−αh+h−1

λγ+1−β
S ∆β−1

S

ττ ′Hα0+αh
0 .
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Again, we temporarily define X := W TEsymW for convenience. Rearranging the terms, we have

∥Tν(α,β)∥ ≤ 2rLνττ
′
(
γ + β − 2

β − 1

)[
∥E∥
λS

]γ1 [H0

λS

]α0
[
H′

0

λS

]αh
[
2r∥X∥∞

∆S

]γ2 [√2r∥E∥√
∆SλS

]γ3
, (70)

where we temporarily define the following:

γ1 = γ1(α) := α1 + . . .+ αh−1 − (h− 1),

γ2 = γ2(α) := α0 + αh, γ2 = γ2(β) := β − h, γ3 = γ3(h) := 2(h− 1).

Since R1 upper bounds the former four powers and R2 upper bounds the latter, we get

∥Tν(α,β)∥ ≤ 2rLνττ
′
(
γ + β − 2

β − 1

)
R

γ1(α)+α0+αh+γ2(β)
1 R

γ3(h)
2

= 2rLνττ
′
(
γ + β − 2

β − 1

)
Rγ−2h+2

1 R2h−2
2 .

Plugging this bound into Eq. (65), we get

∥∥∥T (γ)
ν

∥∥∥ ≤ 2rLνττ
′
⌊γ/2⌋+1∑

h=1

∑
(α,β)∈Πh(γ)

(
γ + β − 2

β − 1

)
Rγ−2h+2

1 R2h−2
2

≤ 2rLνττ
′
⌊γ/2⌋+1∑

h=1

γ+2−h∑
β=h

(
γ + β − 2

β − 1

)
Rγ−2h+2

1 R2h−2
2 |Πh(γ, β)| ,

(71)

where
Πh(γ, β) := {(α,β) ∈ Πh(γ) : β1 + . . .+ βh = β}

An element of this set is just a tuple (α0, . . . , αh, β1, . . . , βh) such that

β1, . . . , βh ≥ 1,
h∑

i=1

βi = β, and α0, αh ≥ 0, α1, . . . , αh−1,
h∑

i=0

αi = γ + 1− β.

The number of ways to choose such a tuple is

|{(α,β) ∈ Πh(γ) : β1 + . . .+ βh = β}| =
(
β − 1

h− 1

)(
γ + 2− β

h

)
.

Plugging into Eq. (71), we obtain

∣∣∣T (γ)
ν

∣∣∣ ≤ 2rLνττ
′
⌊γ/2⌋+1∑

h=1

γ+2−h∑
β=h

(
γ + β − 2

β − 1

)(
β − 1

h− 1

)(
γ + 2− β

h

)
Rγ−2h+2

1 R2h−2
2

= 2rLνττ
′
γ+1∑
β=1

(
γ + β − 2

β − 1

) β∧(γ+2−β)∑
h=1

(
β − 1

h− 1

)(
γ + 2− β

h

)
Rγ−2h+2

1 R2h−2
2 .

(72)

Consider two cases for h and γ:
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1. γ ≥ 2h− 1. Let R := R1 ∨R2. The contribution is at most:

2rLνττ
′
γ+1∑
β=1

(
γ + β − 2

β − 1

) β∧(γ+2−β)∑
h=1

(
β − 1

h− 1

)(
γ + 2− β

h

)
R1R

γ−1

≤ 2rLνττ
′R1R

γ−1
γ+1∑
β=1

(
γ + β − 2

β − 1

)(
γ + 1

β

)
≤ 2rLνττ

′R1R
γ−1

γ+1∑
β=1

(
γ + 1

β

)
2γ+β−2

≤ 2rLνττ
′R1R

γ−12γ−23γ+1 = 9rLνττ
′R1(6R)γ−1.

2. γ = 2h − 2. This can only happens if γ is even. Then α0 = αh = 0 and α1 = . . . = αh−1 =
β1 = . . . = βh = 1. Let (α∗,β∗) denote the corresponding tuple. The previous computations
are bad for this case, so we will go back to the definition to bound Tν(α∗,β∗). Plugging into
Eq. (56) and simplifying, we have

Tν(α∗,β∗) =
∑

I∈[2r]h
Cν(I)

(
MTwi1

) (
wT
ihβh

M ′
) h−1∏

k=1

wT
ik
E2

symwik+1
,

where each block of consecutive indices in I now consists of only one index, so we can just
denote I = (i1, i2, . . . , ih). Temporarily let Y ∈ R(m+n)×(m+n) be a matrix such that Yij =
wT
i E

2
symwj for |i − j| ∈ {0, r} and 0 otherwise, and let λ+(I) := (|λik |)k for I = (ik)k. We

further consider two subcases for I:

2.1. λ+(I) is non-uniform, i.e. there is k so that |λik | ≠ |λik+1
|, meaning |ik − ik+1| /∈ {0, r}.

Then
∣∣wT

ik
E2

symwik+1

∣∣ ≤ ∥Y ∥∞. The rest of the product at the end can be bounded by

∥E∥2. The total contribution of this subcase is at most

2rLνττ
′
(
γ + β − 2

β − 1

)
R2h−4

2

2r∥Y ∥∞
λS∆S

≤ 2rLνττ
′
(
3γ/2

γ/2

)
R3R

γ−2
2 ,

where we use the same computations leading up to Eq. (72), noting that h = β = γ/2+1.

2.2. λ+(I) is uniform, i.e. I = (ik)
h
k=1 where each ik ∈ {i, i+r} for some i ∈ [r]. If i /∈ S, then

Cν(I) = 0. Suppose i ∈ S, we can apply Eq. (58) in Lemma 4.2, noting that βS(I) = β,
βSc(I) = 0, and λS(I) = ∆S(I) = λi in this case, to get

|Cν(I)| ≤ Lν

(
γ + β − 2

β − 1

)
1

λS(I)γ+1−β∆S(I)β−1
= Lν

(
γ + h− 2

h− 1

)
1

λγ
i

.

Therefore the total contribution of this subcase is at most

ττ ′
(
γ + h− 2

h− 1

)∑
i∈S

∑
I∈{i,i+1}h

|wT
i E

2
symwi|h−1

λγ
i

≤ sττ ′
(
3γ/2

γ/2

)
2h∥E∥2(h−1)

λγ
S

≤ 2rLνττ
′
(
3γ/2

γ/2

)
2γ/2∥E∥γ

λγ
S

≤ 2rLνττ
′
(
3γ/2

γ/2

)
(R1

√
2)γ .

Therefore, the contribution of the case h = γ/2 + 1 is at most

2rLνττ
′
(
3γ/2

γ/2

)[
R3R

γ−2
2 + (R1

√
2)γ
]
≤ 4rLνττ

′
[
27

4
R3

(
R2

√
27/4

)γ−2
+
(
R1

√
27/2

)γ]
,

since R3 ≥ 2r∥Y ∥/(λS∆S).
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Summing up the contributions from both cases, we obtain∥∥∥T (γ)
ν

∥∥∥ ≤ rLνττ
′
[
9R1(6R)γ−1 + 1{γ even}

(
4(R1

√
27/2)γ + 27R3(R2

√
27/4)γ−2

)]
. (73)

Now let us consider the case γ > 10 log(m+n). Instead of using the bound in Eq. (67), we can
simply use the naive bounds

2r∑
i=1

∥wT
i E

α
symM∥ ≤ 2r∥E∥α∥M∥ and

2r∑
i=1

∥wT
i E

α
symM

′∥ ≤ 2r∥E∥α∥M ′∥.

Plugging in these bounds into the previous computations has the same effect as using τ = ∥M∥,
τ ′ = ∥M ′∥, and H = H′ = ∥E∥. The conditions on R1, R2 and R3 remain the same so they still
hold. Thus we still have Eq. (73), with the substitutions above. The proof is complete.

Lemma 4.7. Under Setting 4.1 and Assumption 4.5, for Tν defined in Eq. (65), we have

∥Tν∥ ≤ 4rLνττ
′(18R1 + 27R3) + rLν∥M∥∥M ′∥(m+ n)−2.5.

Proof. For convenience, let N = ⌊10 log(m+ n)⌋. Applying Lemma 4.6, we have

N∑
γ=1

∣∣∣T (γ)
ν

∣∣∣ ≤ rLνττ
′

9 ∞∑
γ=1

R1(6R)γ−1 +
∞∑
γ=1

(
4(R1

√
27/2)2γ + 27R3(R2

√
27/4)2γ−2

)
≤ rLνττ

′
[

9R1

1− 6R
+

108R2
1

2− 27R2
1

+
108R3

4− 27R2
2

]
≤ 4rLνττ

′(18R1 + 27R3),

and

∞∑
γ=N

∣∣∣T (γ)
ν

∣∣∣ ≤ rLν∥M∥∥M ′∥

9 ∞∑
γ=N

R1(6R)γ−1 +
∞∑

γ=⌈N/2⌉

(
4
(
R1

√
27√
2

)2γ
+ 27R3

(
R2

√
27

2

)2γ−2
)

≤ rLν∥M∥∥M ′∥

[
9R1(6R)N−1

1− 6R
+

4(27R2
1/2)

⌈N/2⌉

1− 27R2
1/2

+
27R3(27R

2
2/4)

⌈N/2⌉−1

1− 27R2
2/4

]

≤ rLν∥M∥∥M ′∥
1− 6R

[
2(6R)N + 4

(
3

8

)N/2

+
3

4

(
3

16

)N/2−1
]
≤ rLν∥M∥∥M ′∥

(m+ n)2.5
.

The proof is complete.

4.4 Conclusion: Proof of Theorem 3.2

We are now ready to use the common three-step strategy above to prove Theorem 3.2.

Proof of Theorem 3.2. Consider the objects defined in Theorem 3.2 and the additional objects in
Setting 4.1. Note that λi = σi for i ∈ [r] and −σi−r for i ∈ [[r+1, 2r]], and λS = σS in this context.

Let us prove Eq. (36). Consider arbitrary j, k ∈ [n]. We choose M = em+n,j+m, M ′ = em+n,k+m

and ν = 0, the expansion in Section 4.1 gives(
ṼSṼ

T
S − VSV

T
S

)
jk

=
(
W̃SW̃

T
S −WSW

T
S

)
(j+m)(k+m)

= T0.
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We apply Lemma 4.7. Let us choose the parameters to satisfy Assumption 4.5. For ν = 0, Lemma
4.2 guarantees Lν = 2 satisfies Eq. (66). For the above choices of M and M ′, Lemma 4.4 guarantees
that the choices τ = τ ′ = 1√

2
τ1 and H0 = H′

0 = H satisfy Eq. (67).

For convenience, define the following shorthands:

R1 :=
∥E∥
σS

∨ 2r∥UTEV ∥∞
∆S

, R2 :=

√
2r∥E∥√
σS∆S

, R3 :=
rmaxi ̸=j(|uiEETuj |+ |viETEvj |)

∆SσS
. (74)

Then the assumption (35) is just R1 ∨R2 ≤ 1/8, and the term RS is simply R1 +R3.
Next, we show that the terms R1, R2 and R3 satisfy Eqs. (68) and (69). If this holds then we

can apply Lemma 4.7. It suffices to check the conditions on R1 and R3. The former follows from
the fact ∥W TEsymW∥∞ ≤ ∥UTEV ∥∞, which follows from wiEsymwj = (uTi Evj + uTj Evi)/2. For the
latter, fix arbitrary i, j ∈ [m+ n] such that 0 < i− j. There are 3 cases:

• j ∈ [r] and i ∈ [[r + 1, 2r]] \ {j + r}. Then wT
i E

2
symwj =

1
2(u

T
i−rEETuj − vTi−rE

TEvj).

• j ∈ [r] and i ∈ [r] \ {j}. Then wT
i E

2
symwj =

1
2(u

T
i EETuj + vTi E

TEvj).

• j ∈ [[r+1, 2r]] and i ∈ [[r+1, 2r]] \ {j}. Then wT
i E

2
symwj =

1
2(u

T
i−rEETuj−r + vTi−rE

TEvj−r).

From the above, it follows that

max
|i−j|̸=0,r

|wT
i E

2
symwj | ≤

1

2
max
i ̸=j

(|uiEETuj |+ |viETEvj |),

proving Eq. (69) for this choice of R3. Plugging in these values into the bound in Lemma 4.7 gives∣∣∣∣(ṼSṼ
T
S − VSV

T
S

)
jk

∣∣∣∣ ≤ 4rτ21 (18R1 + 27R3) +
2r∥M∥∥M ′∥
(m+ n)2.5

≤ C0rτ
2
1 (R1 +R3) +

1

m+ n
,

for a constant C0. The above holds uniformly over all j, k ∈ [n], so it holds for the infinity norm,
proving Eq. (36).

Let us prove Eq. (37). Consider an arbitrary j ∈ [n]. We choose ν = 0, M = em+n,j+m and
M ′ = Im+n. The expansion in Section 4.1 gives(

ṼSṼ
T
S − VSV

T
S

)
j,·

=
(
W̃SW̃

T
S −WSW

T
S

)
(j+m),·

= T0,

for M = em+n,j+m, M ′ = Im+n, and C from Eq. (53). From the previous argument, we can choose
Lν , τ and H0 the same way, and choose τ ′ = 1 and H′

0 = ∥E∥, which trivially satisfy the condition
on M ′. The same choice of R1, R2 and R3 also satisfy Eqs. (68) and (69). Therefore∥∥∥∥(ṼSṼ

T
S − VSV

T
S

)
j,·

∥∥∥∥ ≤ C0rτ1(R1 +R3) +
1

m+ n
,

which holds uniformly over j ∈ [n], proving Eq. (37)..
Let us prove Eq. (38). Consider arbitrary j ∈ [m] and k ∈ [n]. Choose M = em+n,j , M

′ =
em+n,k+m and ν = 1. The expansion in Section 4.1 gives(

ÃsÃ
T
s −AsA

T
s

)
jk

=
(
W̃SW̃

T
S −WSW

T
S

)
j(k+m)

= T1.
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We choose Lν = λs = σs, τ = 1√
2
τ2, τ

′ = 1√
2
τ1, H0 = H. The choices of R1, R2 and R3 are the

same as those in the theorem statement. Similarly to the previous two parts, these choices satisfy
all requirements of Assumption 4.5 and Lemma 4.7, so we have∣∣∣∣(ÃsÃ

T
s −AsA

T
s

)
jk

∣∣∣∣ ≤ C0rτ1τ2σs(R1 +R3) +
1

m+ n
,

for a constant C0. This bound holds uniformly over j ∈ [m] and k ∈ [n], so it holds in the infinity
norm. The proof is complete.

5 Proof of main results: the random case

In this section, we prove Theorem 3.3. Our job is to replace the terms that depend on E, the
random noise matrix, with deterministic terms that upper bound them with high probability, then
apply Theorem 3.2. These terms are:

• ∥E∥. There are tight bounds in the literature. For E following the Model (40), with the
assumption M ≤ (m+ n)1/2 log−5(m+ n), the moment argument in [35] can be used.

• ∥UTEV ∥∞ = maxi,j |uTi Evj |. These terms can be bounded with a simple Bernstein bound.

• maxi ̸=j(|uiEETuj | + |viETEvj |). These terms can be bounded with the moment method.
The most saving occurs when E is a stochastic matrix, meaning its row norms and column
norms have the same second moment. For our purpose, the naive bound 2∥E∥2 suffices.

• τ1, τ2 and H for the powers of E. We will use the moment method, with walk-counting, to
bound these terms.

We summarize the first three in the lemma below.

Lemma 5.1. Consider the objects in Setting 3.1. Let E ∈ Rm×n be a random matrix satisfying
Model (40) with parameters M and ς. Suppose M ≤ (m+n)1/2 log−3(m+n). Then with probability
1−O((m+ n)−2), all of the following hold:

∥E∥ ≤ 2ς
√
m+ n, (75)

max
i ̸=j

(|uiEETuj |+ |viETEvj |) ≤ 2∥E∥2 ≤ 8ς2(m+ n). (76)

max
i,j

|uTi Evj | ≤ 2ς(
√

log(m+ n) +M∥U∥∞∥V ∥∞ log(m+ n)). (77)

Proof. Eq. (75) follows from the moment argument in [35]. Eq. (76) follows from Eq. (75). It
remains to check Eq. (77). Fix i, j ∈ [r]. Write

uTi Evj =
∑

k∈[m],h∈[n]

uikvjhEkh =
∑

(k,h)∈[m]×[n]

Ykh,

where we temporarily let Ykh := uikvjhEkh for convenience. We have |Ykh| ≤ ∥U∥∞∥V ∥∞|Ekh|.
Let Xkh := Ykh/(ς∥U∥∞∥V ∥∞), then {Xkh : (k, h) ∈ [m]× [n]} are independent random variables
and for each (k, h) ∈ [m]× [n],

E [Xkh] = 0, E
[
|Xkh|2

]
≤ 1, E

[
|Xkh|l

]
≤ M l−2 for all l ∈ N.

32



We also have∑
k,h

E
[
|Xkh|2

]
=

∑
k,h u

2
ikv

2
jhE

[
|Ekh|2

]
ς2∥U∥2∞∥V ∥2∞

≤
ς2
∑

k,h u
2
ikv

2
jh

∥U∥2∞∥V ∥2∞
=

1

∥U∥2∞∥V ∥2∞

By Bernstein’s inequality [13], we have for all t > 0

P

∣∣∣∑
k,h

Xkh

∣∣∣ ≥ t

 ≤ exp

(
−t2∑

k,hE [|Xkh|2] + 2
3Mt

)
≤ exp

(
−t2

∥U∥−2
∞ ∥V ∥−2

∞ + 2
3Mt

)
.

We rescale Ykh = ς∥U∥∞∥V ∥∞Xkh and replace t with t/(ς∥U∥∞∥V ∥∞), the above becomes

P

∣∣∣∑
k,h

Ykh

∣∣∣ ≥ t

 ≤ exp

(
−t2

ς2 + 2
3M∥U∥∞∥V ∥∞t

)
.

Let N = m+ n and t = 2ς(
√
logN +M∥U∥∞∥V ∥∞ logN), we have

t2 ≥ 4ς2 logN, t2 ≥ 2M∥U∥∞∥V ∥∞t logN,

thus

t2 ≥ 12

7

(
ς2 +

2

3
M∥U∥∞∥V ∥∞t

)
logN.

Combining everything above, we get

P
(
|uTi Evj | ≥ 2ς(

√
logN +M∥U∥∞∥V ∥∞ logN)

)
≤ N−12/7.

By a union bound over (i, j) ∈ [r]× [r], the proof of Eq. (77) and the lemma is complete.

The last bound is technically heavy, so we will dedicate a separate lemma for it, whose proof is
postponed to Section B.2.

Lemma 5.2. Let M and ς be positive real numbers and E be a m × n random matrix with in-
dependent entries following Model (40) with parameters M and ς. Let Esym :=

(
0 E

ET 0

)
be the

symmetrization of E. For each p > 0, define

DU,V,p :=
Mp3∥U∥2,∞√

r(m+ n)
+

p3/2√
m+ n

+
p∥V ∥2,∞√

r
. (78)

There are universal constants C and c such that, for any t, ε > 0, if M ≤ ct−2 log−2(m+n)
√
m+ n,

then for each fixed k ∈ [n], with probability 1− log−Ω(1)(m+ n),

max
0≤α≤t log(m+n)

∥eTn,k(ETE)aETU∥
(1.9ς

√
m+ n)2a+1

∨
∥eTn,k(ETE)aV ∥
(1.9ς

√
m+ n)2a

≤ C
√
rDU,V,log log(m+n). (79)

If the stronger bound M ≤ ct−2 log−5(m+n)
√
m+ n holds, then with probability 1−O((m+n)−2),

max
0≤α≤t log(m+n)

∥eTn,k(ETE)aETU∥2,∞
(1.9ς

√
m+ n)2a+1

∨
∥eTn,k(ETE)aV ∥2,∞
(1.9ς

√
m+ n)2a

≤ C
√
rDU,V,log(m+n). (80)
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We only use Eq. (80) to prove Theorem 3.3, but for completeness, we still include (79), which
has a better bound at the cost of being non-uniform. This may have potential for other applications.

Let us prove the main theorem using these lemmas.

Proof of Theorem 3.3. Consider the objects from Setting 3.1. We aim to apply Theorem 3.2.
Firstly, we want to choose R1, R2 and R3 to satisfy (35). Let R1 and R2 be given from

hypothesis, and R3 := R2
2. Lemma 5.1 then guarantees (35) with probability 1−O((m+ n)−1).

Secondly, we want to choose τ1, τ2 and H to satisfy (34). There are terms of the same name
in Theorem 3.3, so we denote them by τ ′1 and τ ′2 respectively. Note that τ ′1 = τU,V,log(m+n) from
Lemma 5.2. Let C be the constant from that lemma, then τ1 := Cτ ′1 and H := 2ς

√
m+ n satisfy

the first half of Eq. (34) with probability 1−O((m+n)−2). By symmetry, τ2 := Cτ ′2 and the same
H satisfy the second half, also with probability 1−O((m+ n)−2).

We can now apply Theorem 3.2. Plugging each of the choices above into their corresponding
places in the right-hand sides of Eqs. (36), (37) and (38), we get the desired bounds with probability
1−O((m+ n)−1).

A Proof of the full matrix completion theorem

In this section, we prove Theorem 1.5, with the sampling density condition (21) replacing (18).

Proof of the full Theorem 1.5. Let C2 = 1/c for the constant c in Theorem 3.3. We rewrite the
assumptions below:

1. Signal-to-noise: σ1 ≥ 100rκ
√
rmaxN .

2. Sampling density: this is equivalent to the conjunction of three conditions:

p ≥
Cr4rmaxµ

2
0K

2
A,Z

ε2

(
1

m
+

1

n

)
, (81)

p ≥ C

(
1

m
+

1

n

)
log10N, (82)

p ≥
Cr3K2

A,Z

ε2

(
1 +

µ2
0

log2N

)(
1 +

r3 logN

N

)(
1

m
+

1

n

)
log6N. (83)

Let ρ := p̂/p. From the sampling density assumption, a standard application of concentration
bounds [22, 13] guarantees that, with probability 1−O(N−2).

0.9 ≤ 1− 1√
N

≤ 1− logN
√
pmn

≤ ρ ≤ 1 +
logN
√
pmn

≤ 1 +
1√
N

≤ 1.1. (84)

Furthermore, an application of well-established bounds on random matrix norms gives

∥E∥ ≤ 2κ
√
N, (85)

with probability 1−O(N−1). See [3, 35], [33, Lemma A.7] or [3] for detailed proofs. Therefore we
can assume both Eqs. (84) and (85) at the cost of an O(N−1) exceptional probability.

Let C0 := 40. The index s chosen in the SVD step of AR2 is the largest such that

δ̂s ≥ C0KA,Z

√
rmaxN/p̂ = C0ρ

−1/2κ
√
rmaxN.
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Firstly, we show that SVD step is guaranteed to choose a valid s ∈ [r]. Choose an index l ∈ [r]
such that δl ≥ σ1/r ≥ 100κ

√
rmaxN , we have

δ̂l ≥ ρ−1/2δ̃l ≥ ρ−1/2(δl − 2∥E∥) ≥ (100r1/2max − 4)ρ−1/2κ
√
N ≥ 2C0ρ

−1/2κ
√
rmaxN,

so the cutoff point s is guaranteed to exist. To see why s ∈ [r], note that

δ̂r+1 ≤ ρ−1/2σ̃r+1 ≤ ρ−1/2∥E∥ ≤ 2ρ−1/2κ
√
rmaxN < C0ρ

−1/2κ
√

rmaxN.

We want to show that the first three steps of AR2 recover A up to an absolute error ε, namely
∥Âs − A∥∞ ≤ ε, we will first show that ∥Ãs − A∥∞ ≤ ε/2 (with probability 1 − O(N−1)). We
proceed in two steps:

1. We will show that ∥As −A∥∞ ≤ ε/4 when C is large enough. To this end, we establish:

σs+1 ≤ rδs+1 ≤ r(δ̃s+1 + 2∥E∥) ≤ r(C0ρ
−1/2√rmax + 4)κ

√
N ≤ 2rC0KA,Z

√
rmaxN/p. (86)

For each fixed indices j, k, we have

|(As −A)jk| =
∣∣UT

j,·Σ[s+1,r]Vk,·
∣∣ ≤ σs+1∥U∥2,∞∥V ∥2,∞ ≤ 2rC0KA,Z

√
rmaxN

p

rµ0√
mn

=

√
4C2

0r
4rmaxµ2

0K
2
A,Z

p

(
1

m
+

1

n

)
≤ ε/4.

where the last inequality comes from the assumption (81) if C is large enough. Since this
holds for all pairs (j, k), we have ∥As −A∥∞ ≤ ε/4.

2. Secondly, we will show that ∥Ãs −As∥∞ ≤ ε/4 with probability 1−O(N−1). We aim to use
Theorem 3.3, so let us translate its terms into the current context. By the sampling density
condition, we have the following lower bounds for δs and σs:

σs ≥ δs ≥ δ̃s − 2∥E∥ ≥ C0ρ
−1/2κ

√
rmaxN − 2∥E∥ ≥ .9C0κ

√
rmaxN. (87)

Consider the condition (41). If it holds, then we can apply Theorem 3.3. We want

κ
√
N

σs
∨ rκ(

√
logN +K∥U∥∞∥V ∥∞ logN)

δs
∨ κ

√
rN√

δsσs
≤ 1

16

By Eq. (87), we can replace all three denominators above with .9C0κ
√
rmaxN . Additionally,

∥U∥∞ ≤ ∥U∥2,∞ ≤
√

rµ0

m and ∥V ∥∞ ≤ ∥V ∥2,∞ ≤
√

rµ0

n , so we can replace them with these

upper bounds. We also replace K with p−1/2 (its definition). We want

κ
√
N ∨ κ

√
rN ∨ rκ(

√
logN + rµ0√

pmn logN)

.9C0κ
√
rmaxN

≤ 1

16
,

which is equivalent to

1 ∨
√
r ∨ r(

√
logN
N + rµ0√

pmnN
logN)

.9C0
√
rmax

≤ 1

16
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which easily holds. Therefore we can apply Theorem 3.3. We get, for a constant C1,

∥Ãs −As∥∞ ≤ C1τUV τV U · rσsRs +
1

N
.

Let us simplify the first term in the product, τUV τV U .

τUV =
K∥U∥2,∞ log3N√

rN
+

log3/2N√
N

+
∥V ∥2,∞ logN√

r

≤
√
µ0 log

3N
√
pmN

+
log3/2N√

N
+

√
µ0 logN√

n
≤ log3/2N√

N
+

√
2µ0 logN√

n
,

where the first inequality comes from (82) if C is large enough. Similarly,

τV U ≤ N−1/2 log3/2N +m−1/2
√
2µ0 logN.

Therefore,

τUV τV U ≤ log3N

N
+

√
µ0 log

5/2N
√
N

·
√
2m+

√
2n√

mn
+

2µ0 log
2N√

mn

≤ log2N
logN + 4

√
µ0

√
logN + 4µ0

2
√
mn

≤ log2N
logN + 4µ0√

mn
.

For the second term, we have the following upper bound:

rσsRs ≤ rσs

(
κ
√
N

σs
+

rκ(
√
logN + rµ0√

mn
K logN

δs
+

rκ2N

δsσs

)

= r

(
κ
√
N +

rκσs
δs

(√
logN +

rµ0 logN√
pmn

)
+

rκ2N

δs

)
≤ r

(
κ
√
N + r2κ

(√
logN +

rµ0 logN√
pmn

)
+

rκ2N

.9C0κ
√
rN

)
≤ r3/2κ

(√
2N + r3/2

(√
logN +

rµ0 logN√
pmn

))
.

Under the condition (83), we have

pmn ≥ Cr3µ2
0 log

4N =⇒ rµ0 logN√
pmn

< .1
√
logN,

so the above is simply upper bounded by

√
2r3/2KA,Z√

p

(√
N + r3/2

√
logN

)
.

Multiplying the two terms, we have by Theorem 3.3,

∥Ãs −As∥∞ ≤ log2N · logN + 4µ0√
mn

·
√
2r3/2KA,Z√

p

(√
N + r3/2

√
logN

)
≤

√
2r3K2

A,Z log6N

p

(
1 +

4µ2
0

log2N

)(
1 +

r3 logN

N

)(
1

m
+

1

n

)
≤ ε/4.

(88)
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where the last inequality comes from the condition (83) if C is large enough.
After the two steps above, we obtain ∥Ãs − A∥∞ ≤ ε/2 with probablity 1 − O(N−1). Finally,

we get, using Fact (84) and the triangle inequality,

∥Âs −A∥∞ =
∥∥∥ρ−1Ãs −A

∥∥∥
∞

≤ 1

ρ
∥Ãs −A∥∞ +

∣∣∣∣1ρ − 1

∣∣∣∣ ∥A∥∞ ≤ ε/2

.9
+

KA

.9
√
N

< ε.

This is the desired bound. The total exceptional probability is O(N−1). The proof is complete.

B Proofs of technical lemmas

B.1 Proof of bound for contour integrals of polynomial reciprocals

In this section, we prove Lemma 4.2, which provides the necessary bounds on the integral coefficients
to advance the second step of the main proof (Section 4.2). Recall that the integrals we are interested
in have the form

Cν(I) :=
∮
ΓS

zνdz

2πi

1

zγ+1

β∏
k=1

λik

z − λik

, where ν ∈ {0, 1} and β ≤ γ + 1. (89)

Let the multiset {λik}k∈[β] = A ∪ B, where A := {ai}i∈[l] and B := {bj}j∈[k], where each ai ∈ S
and each bj /∈ S, having multiplicities mi and nj respectively. We can rewrite the above into

Cν(I) =
l∏

i=1

ami
i

k∏
j=1

b
nj

j C(n0;A,m;B,n), (90)

where

C(n0;A,m;B,n) :=

∮
ΓA

dz

2πi

1

zn0

k∏
j=1

1

(z − bj)nj

l∏
i=1

1

(z − ai)mi
, (91)

where n0 = γ + 1 − ν. The mi’s and nj ’s satisfy
∑

imi +
∑

j nj ≤ γ + 1. We can remove the set
S and simply denote the contour by ΓA without affecting its meaning. The next three results will
build up the argument to bound these sums and ultimately prove the target lemmas.

Lemma B.1. Let A = {ai}i∈[l] and B = {bj}j∈[k] be disjoint set of complex non-zero numbers
and m = {mi}i∈[l] and n0 and n = {nj}j∈[k] be nonnegative integers such that m + n + n0 ≥ 2,
where m =

∑
imi and n :=

∑
i≥1 ni. Let ΓA be a contour encircling all numbers in A and none in

B ∪ {0}. Let a, d > 0 be arbitrary such that:

d ≤ a, a ≤ min
i

|ai|, d ≤ min
i,j

|ai − bj |. (92)

Suppose that 0 ≤ m′
i ≤ mi for each i ∈ [l] and that m′ :=

∑k
i=1m

′
i ≤ n0. Then for C(n0;A,m;B,n)

defined Eq. (91), we have

|C(n0;A,m;B,n)| ≤
(
m+ n+ n0 − 2

m− 1

)
1

an0−m′dm+n−1

l∏
i=1

1

|ai|m
′
i

(93)
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Proof. Firstly, given the sets A and B and the notations and conditions in Lemma B.1, the weak
bound below holds

|C(n0;A,m;B,n)| ≤
(
m+ n+ n0 − 2

m− 1

)
1

dm+n+n0−1
. (94)

We omit the details of the proof, which is a simple induction argument. We now use Eq. (94) to
prove the following:

|C(n0;A,m;B,n)| ≤
(
m+ n+ n0 − 2

m− 1

)
1

an0dm+n−1
. (95)

We proceed with induction. Let P1(N) be the following statement: “For any sets A and B, and
the notations and conditions described in Lemma B.1, such that m+n+n0 = N , Eq. (95) holds.”

Since m + n + n0 ≥ 2, consider N = 2 for the base case. The only case where the integral is
non-zero is when m = 1 and n+ n0 = 1, meaning A = {a1}, m1 = 1 and either B = ∅ and n0 = 1,
or B = {b1} and n1 = 1, n0 = 0. The integral yields a−1

1 in the former case and (a1 − b1)
−1 in the

latter, confirming the inequality in both.
Consider n ≥ 3 and assume P1(n − 1). If m = 0, the integral is again 0. If n0 = 0, Eq. (95)

automatically holds by being the same as Eq. (94). Assume m,n0 ≥ 1. There must then be some
i ∈ [l] such that mi ≥ 1, without loss of generality let 1 be that i. We have

C(n0;A,m;B,n) =
1

a1

[
C(n0 − 1;A,m;B,n)− C(n0;A,m

(1);B,n)
]

(96)

where m(i) is the same as m except that the i-entry is mi − 1.
Consider the first integral on the right-hand side. Applying P1(N − 1), we get

|C(n0 − 1;A,m;B,n)| ≤
(
m+ n+ n0 − 3

m− 1

)
1

an0−1dm+n−1
. (97)

Analogously, we have the following bound for the second integral:∣∣∣C(n0;A,m
(1);B,n)

∣∣∣ ≤ (m+ n+ n0 − 3

m− 2

)
1

an0dm+n−2
≤
(
m+ n+ n0 − 3

m− 2

)
1

an0−1dm+n−1
.

(98)
Notice that the binomial coefficients in Eqs. (97) and (98) sum to the binomial coefficient in Eq.
(95), we get P1(N), which proves Eq. (95) by induction.

Now we can prove Eq. (93). The logic is almost identical, with Eq. (95) playing the role of
Eq. (94) in its own proof, handling an edge case in the inductive step. Let P2(n) be the statement:
“For any sets A and B, and the notations and conditions described in Lemma B.1, such that
m+ n+ n0 = N , Eq. (93) holds.”

The cases N = 1 and N = 2 are again trivially true. Consider N ≥ 3 and assume P2(N − 1).
Fix any sequence m′

1,m
′
2, . . . ,m

′
l satisfying 0 ≤ m′

i ≤ mi for each i ∈ [k] and n0 ≥ m′
1 + . . .+m′

k.
If m′

1 = m′
2 = . . . = m′

k = 0, we are done by Eq. (95). By symmetry among the indices, assume
m′

1 ≥ 1. This also means n0 ≥ 1. Consider Eq. (96) again. For the first integral on the right-hand
side, applying P2(N − 1) for the parameters n0 − 1, n1, . . . , nk, m1, . . . ,ml and m′

1 − 1,m′
2, . . . ,m

′
k

yields the bound

|C(n0 − 1;A,m;B,n)| ≤
(
m+ n+ n0 − 3

m− 1

)
1

an0−m′dm+n−1

1

|a1|m
′
1−1

l∏
i=2

1

|ai|m
′
i

. (99)
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Applying P2(N − 1) for the parameters n0, n1, . . . , nk, m1 − 1, . . . ,ml and m′
1 − 1,m′

2, . . . ,m
′
k, we

get the following bound for the second integral on the right-hand side of Eq. (96):∣∣∣C(n0;A,m
(1);B,n)

∣∣∣ ≤ (m+ n+ n0 − 3

m− 2

)
1

an0−m′+1dm+n−2

1

|a1|m
′
1−1

l∏
i=2

1

|ai|m
′
i

≤
(
m+ n+ n0 − 3

m− 2

)
1

an0−m′dm+n−1

1

|a1|m
′
1−1

l∏
i=2

1

|ai|m
′
i

.

Summing up the bounds by summing the binomial coefficients, we get exactly P2(N), so Eq. (93)
is proven by induction.

Lemma B.2. Let A, B, m, n, n0, ΓA and a, d be the same, with the same conditions as in Lemma
B.1. Suppose that 0 ≤ m′

i ≤ mi and 0 ≤ n′
j ≤ nj for each i, j ≥ 1 and

m′ + n′ ≤ n0 for m′ :=
∑
i

m′
i, n′ :=

∑
j

n′
j .

Then for C(n0;A,m;B,n) defined in Eq. (91), we have

|C(n0;A,m;B,n)| ≤
(
n+ n0 − n′ +m− 2

m− 1

)
(1 + d/a)n

′

an0−m′−n′dm+n−1

l∏
i=1

1

|ai|m
′
i

k∏
j=1

1

|bj |n
′
j

. (100)

Proof. We have the expansion

1

zn0

k∏
j=1

b
n′
j

j

(z − bj)nj

l∏
i=1

1

(z − ai)mi
=

1

zn0−n′

k∏
j=1

1

(z − bj)
nj−n′

j

k∏
j=1

(
1

z
− 1

z − bj

)n′
j

l∏
i=1

1

(z − ai)mi

=
1

zn0−n′

k∏
j=1

1

(z − bj)
nj−n′

j

∑
0≤rj≤n′

j∀j

(−1)r1+...+rk

zn′−r1−...−rk

k∏
j=1

(
n′
j

rj

)
1

(z − bj)rj

l∏
i=1

1

(z − ai)mi

=
∑

0≤rj≤n′
j∀j

(−1)r1+...+rk

zn0−r1−...−rk

k∏
j=1

(
n′
j

rj

)
1

(z − bj)
rj+nj−n′

j

l∏
i=1

1

(z − ai)mi
.

Integrating both sides over ΓA, we have

C(n0;A,m;B,n)

k∏
j=1

b
n′
j

j =
∑

0≤rj≤n′
j∀j

(−1)
∑

j rj

(
n′
j

rj

)
C
(
n0 −

∑
j rj ;A,m;B, r+ n− n′

)
,

where the j-entry of r+ n− n′ is simply rj + nj − n′
j . Applying Lemma B.1 for each summand on

the right-hand side and rearranging the powers, we get∣∣∣C (n0 −
∑

j rj ;A,m;B, r+ n− n′
)∣∣∣ ≤ (m+ n+ n0 − n′ − 2

m− 1

)
(a/d)

∑
j rj

an0−m′dn−n′+m−1

l∏
i=1

1

|ai|m
′
i

.

Summing up the bounds, we get∣∣∣∣∣∣C(n0;A,m;B,n)
k∏

j=1

b
n′
j

j

∣∣∣∣∣∣ ≤
(
m+ n+ n0 − n′ − 2

m− 1

) ∏l
i=1 |ai|−m′

i

an0−m′dn−n′+m−1

∑
0≤rj≤n′

j∀j

k∏
j=1

(
n′
j

rj

)
arj

drj

=

(
m+ n+ n0 − n′ − 2

m− 1

) ∏l
i=1 |ai|−m′

i

an0−m′dn−n′+m−1

(a
d
+ 1
)n′

.
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Rearranging the term, we get precisely the desired inequality.

The lemma above is the main ingredient in the proof of Lemma 4.2.

Proof of Eq. (58) of Lemma 4.2. First rewrite the integral into the forms of (89), then (90) and
(91). Let us consider two cases for C:

1. ν = 0, so n0 = γ + 1. Let a = λS(I), d = δS(I), m = βS(I), n = n′ = βSc(I), m′
i = mi and

n′
j = nj for all i, j, then m′ + n′ = β ≤ γ + 1 = n0, so we can apply Lemma B.2 to get

|C(n0;A,m;B,n)| ≤
(
n0 +m− 2

m− 1

)
(1 + d/a)n

′

an0−m−ndm+n−1

l∏
i=1

1

|ai|mi

k∏
j=1

1

|bj |nj
,

or equivalently,

|C0(I)| ≤
(
1 +

∆S(I)

λS(I)

)βSc (I)(γ + βS(I)− 1

βS(I)− 1

)
1

λS(I)γ+1−β∆S(I)β−1
.

Note that since βS(I) ≤ β ≤ γ + 1 and L0 = 2,(
γ + βS(I)− 1

βS(I)− 1

)
=

γ + βS(I)− 1

γ

(
γ + βS(I)− 2

βS(I)− 1

)
≤ L0

(
γ + βS(I)− 2

βS(I)− 1

)
,

so we can replace the former with the latter to the product on the right-hand side to get an
upper bound, which is also the desired bound.

2. ν = 1, so n0 = γ. Without loss of generality, assume |a1| = λS(I), then we are guaranteed
m1 ≥ 1. Applying Lemma B.2 for the same parameters as in the previous case, except that
m′

1 = m1 − 1, we get

|C(n0;A,m;B,n)| ≤ |a1|
(
n0 +m− 2

m− 1

)
(1 + d/a)n

′

an0−m+1−ndm+n−1

l∏
i=1

1

|ai|mi

k∏
j=1

1

|bj |nj
,

which translates to

|C1(I)| ≤ λS(I)

(
γ + βS(I)− 2

βS(I)− 1

)(
1 +

∆S(I)

λS(I)

)βSc (I) 1

λS(I)γ+1−β∆S(I)β−1
,

which is the desired bound since L1 = λS(I).

Let us now prove Eq. (59). We can assume βS(I) ≥ 1, since the integral is 0 otherwise, making
the inequality trivial. It suffices to show that we can substitute λS(I) with λS and ∆S(I) with ∆S

in Eq. (58) to make the right-hand side larger. Let us again split into the cases as above.

1. ν = 0. We have (
1 + ∆S(I)

λS(I)

)βSc (I)

λS(I)γ+1−β∆S(I)β−1
=

(
1

∆S(I)
+ 1

λS(I)

)βSc (I)

λS(I)γ+1−β∆S(I)βS(I)−1
.

From this new form, it is evident that the right-hand side will increase if we make the afore-
mentioned substitutions, since λS ≤ λS(I) and ∆S ≤ ∆S(I).
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2. ν = 1 and additionally, S = [s] for some s ∈ [r]. If β ≤ γ, the rewriting in the previous case
works in the same way. Suppose β = γ + 1, we now write

λS(I)
(
1 + ∆S(I)

λS(I)

)βSc (I)

λS(I)γ+1−β∆S(I)β−1
=

1

λS(I)γ−1

(
λS(I)

∆S(I)

)βS(I)−1(
1 +

λS(I)

∆S(I)

)βSc (I)

.

Since λS(I) ≤ λS = λs, it suffices to show λS(I)/∆S(I) ≤ λs/δs to make the substitution
work as in the previous case. Choose t ∈ [s] where λt = λS(I), then ∆S(I) ≥ λt − λs+1, thus

λS(I)

∆S(I)
≤ λt

λt − λs+1
≤ λs

λs − λs+1
=

λs

δs
.

Thus both Eqs. (58) and (59) hold. The proof is complete.

B.2 Proof of semi-isotropic bounds for powers of random matrices

In this section, we prove Lemma 5.2, which gives semi-itrosopic bounds for powers of Esym in the
second step of the main proof strategy.

The form of the bound naturally implies that we should handle the even and odd powers
separately. We split the two cases into the following lemmas.

Lemma B.3. Let m, r ∈ N and U ∈ Rm×r be a matrix whose columns u1, u2, . . . , ur are unit
vectors. Let E be a m × n random matrix following Model (40) with parameters M and ς = 1,
meaning E has independent entries and

E [Eij ] = 0, E
[
∥E∥2ij

]
≤ 1, E

[
∥E∥pij

]
≤ Mp−2 for all p.

For any a ∈ N, k ∈ [n], for any D > 0, for any p ∈ N such that

m+ n ≥ 28M2p6(2a+ 1)4,

we have, with probability at least 1− (25/D)2p,

∥∥eTn,k(ETE)aETU
∥∥ ≤ Dr1/2p3/2

√
2a+ 1

(
16p3/2(2a+ 1)3/2M

∥U∥2,∞√
r

+ 1

)
[2(m+ n)]a.

Lemma B.4. Let E be a m×n random matrix following the model in Lemma B.3. For any matrix
V ∈ Rm×l with unit columns v1, v2, . . . , vl, any a ∈ N, k ∈ [n], any D > 0, and any p ∈ N such that

m+ n ≥ 28M2p6(2a)4,

we have, with probability at least 1− (24/D)2p,∥∥eTn,k(ETE)aV
∥∥ ≤ Dp∥V ∥2,∞[2(m+ n)]a.

Let us prove the main objective of this section, Lemma 5.2, before delving into the proof of the
technical lemmas.
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Proof of Lemma 5.2. Consider Eq. (79) and assume M ≤ log−2−ε(m+ n)
√
m+ n. Fix k ∈ [n]. It

suffices to prove the following two bounds uniformly over all a ∈ [⌊t log(m+ n)⌋]:∥∥eTn,k(ETE)aETU
∥∥ ≤ C

√
rDU,V,log log(m+n)(1.9ς

√
m+ n)2a+1 (101)∥∥eTn,k(ETE)aV

∥∥ ≤ C
√
rDU,V,log log(m+n)(1.9ς

√
m+ n)2a. (102)

Fix a ∈ [⌊t log(m + n)⌋]. Let p = log log(m + n). We can assume p is an integer for simplicity
without any loss. This choice ensures

M2p6(2a)4 < M2p6(2a+ 1)4 ≤ (m+ n)t4 log4(m+ n) log6 log(m+ n)

log4+2ε(m+ n)
= o(m+ n),

so we can apply both Lemmas B.3 and B.4.
Let us prove Eq. (101) for a. Applying Lemma B.3 for the random matrix E/ς and D = 213

gives, with probability 1− log−4.04(m+ n),

∥eTn,k(ETE)aETU∥
(1.9ς

√
m+ n)2a+1

≤ Dr1/2p3/2
√
2a+ 1

1.9
√
m+ n

(
16p3/2(2a+ 1)3/2M

∥U∥2,∞√
r

+ 1

)(
2

3.61

)a

≤ Dr1/2p3/2√
m+ n

(
16p3/2M

∥U∥2,∞√
r

+ 1

)
≤ 217

√
r

(
Mp3∥U∥2,∞√

r(m+ n)
+

p3/2√
m+ n

)
,

where the second inequality is due to α ≤ (
√
2/1.9)α. A union bound over all a ∈ [⌊t log(m+ n)⌋]

makes the bound uniform, with probability at least 1− log−3(m+n). The term inside parentheses
in the last expression is less than DU,V,log log(m+n), so Eq. (101) follows.

Let us prove Eq. (102). Applying Lemma B.3 for the random matrix E/ς and D = 210 gives,
with probability 1− log−8(m+ n),

∥eTn,k(ETE)aV ∥
(1.9ς

√
m+ n)2a+1

≤ Dp∥V ∥2,∞
(

2

3.61

)a

≤ 210p∥V ∥2,∞ ≤ 210
√
rDU,V,p,

proving Eq. (102) after a union bound, similar to the previous case. Combining the two cases, Eq.
(79) is proven.

Let us now prove Eq. (80). Since the 2-to-∞ norm is the the largest norm among the rows, it
suffices to prove Eq. (79) holds uniformly over all k ∈ [n] for p = log(m + n). Substituting this
new choice of p into the previous argument, for a fixed k, we have Eq. (79), but with probability at
least 1− (m+ n)−4.04. Applying another union bound over k ≤ [n] gives Eq. (80) with probability
at least 1− (m+ n)−3. The proof is complete.

Now let us handle the technical lemmas B.3 and B.4. The odd case (Lemma B.3) is more
difficult, so we will handle it first to demonstrate our technique. The argument for the even case
(Lemma B.4) is just a simpler version of the same technique.

B.2.1 Case 1: odd powers

Proof. Without loss of generality, let k = 1. Let us fix p ∈ N and bound the (2p)th moment of the
expression of concern. We have

E
[∥∥eTn,1(ETE)aETU

∥∥2p] = E

[( r∑
l=1

(eTn,1(E
TE)aETul)

2
)p]

=
∑

l1,...,lp∈[r]

E

[
p∏

h=1

(eTn,1(E
TE)aETulh)

2

]
.

(103)
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Temporarily let W be the set of walks W = (j0i0j1i1 . . . ia) of length 2a + 1 on the complete
bipartite graph Mm,n such that j0 = 1. Here the two parts of M are I = {1′, 2′, . . . ,m′} and
J = {1, 2, . . . , n}, where the prime symbol serves to distinguish two vertices on different parts with
the same number. Let EW = Ei0j0Ei0j1 . . . Eia−1jaEiaja . We can rewrite the final expression in the
above as ∑

l1,l2,...,lp∈[r]

∑
W11,W12,W21,...,Wp2∈W

E

[
p∏

h=1

EWh1
EWh2

ulhi(h1)aulhi(h2)a

]
,

where we denote Whd = (j(hd)0, i(hd)0, . . . , i(hd)a). We can swap the two summation in the above to
get ∑

W11,W12,W21,...,Wp2∈W
E

[
p∏

h=1

EWh1
EWh2

] ∑
l1,l2,...,lp∈[r]

p∏
h=1

ulhi(h1)aulhi(h2)a .

The second sum can be recollected in the form of a product, so we can rewrite the above as∑
W11,W12,W21,...,Wp2∈W

E

[
p∏

h=1

EWh1
EWh2

]
p∏

h=1

UT
·,i(h1)aU·,i(h2)a

Define the following notation:

1. P is the set of all star, i.e. tuples of walks P = (P1, . . . , P2p) on the complete bipartite graph
Mm,n, such that each walk Pr ∈ W and each edge appears at least twice.

Rename each tuple (Wh1,Wh2)
p
h=1 as a star P with Whd = P2h−2+d.

For each P , let V (P ) and E(P ) respectively be the set of vertices and edges involved in P .

Define the partition V (P ) = VI(P )∪VJ(P ), where VI(P ) := V (P )∩I and VJ(P ) := V (P )∩J .

2. EP := EP1EP2 . . . EP2p .

3. P end := (i1a, i2a, . . . , i(2p)a), which we call the boundary of P . Then uQ :=
∏2p

r=1 uqr for any
tuple Q = (q1, . . . , qr).

4. S is the subset of “shapes” in P. A shape is a tuple of walks S = (S1, . . . , S2p) such that
all Sr start with 1 and for all r ∈ [2p] and s ∈ [0, a], if irs appears for the first time in
{ir′s′ : r′ ≤ r, s′ ≤ s}, then it is stricly larger than all indices before it, and similarly for
jrs. We say a star P ∈ P has shape S ∈ S if there is a bijection from V (P ) to [|V (P )|]
that transforms P into S. The notations V (S), VI(S), VJ(S), E(S) are defined analogously.
Observe that the shape of P is unique, and S forms a set of equivalent classes on P.

5. Denote by P(S) the class associated with the shape S, namely the set of all stars P having
shape S.

We can rewrite the previous sum as:∑
P∈P

E [EP ]

p∏
h=1

UT
·,i(2h−1)a

U·,i(2h)a

Using triangle inequality and the sub-multiplicity of the operator norm, we get the following upper
bound for the above:∑
P∈P

|E [EP ] |
p∏

h=1

∥U·,i(2h−1)a
∥∥U·,i(2h)a∥ = rp

∑
P∈P

uP end |E [EP ] | = rp
∑
S∈S

∑
P∈P(S)

uP end |E [EP ] |, (104)

43



where the vector u is given by ui = r−1/2∥U·,i∥ for i ∈ [m]. Observe that

∥u∥ = 1 and ∥u∥∞ = r−1/2∥U∥2,∞.

Fix P ∈ P. Let us bound E [EP ]. For each (i, j) ∈ E(P ), let µP (i, j) be the number of times (i, j)
is traversed in P . We have

|E [EP ]| =
∏

(i,j)∈E(P )

E
[
|Eij |µP (i,j)

]
≤

∏
(i,j)∈E(P )

MµP (i,j)−2 = M2p(2a+1)−2|E(P )|.

Since the entries ui are related by the fact their squares sum to 1, it will be better to bound their
symmetric sums rather than just a product uP end . Fix a shape S, we have

∑
P∈P(S)

|uP end | =
∑

f :V (S)↪→[m]

|V (Send )|∏
k=1

|uf(k)|µSend (k) ≤ m|VI(S)|−|V (Send )|n|VJ (S)|−1

|V (Send )|∏
k=1

m∑
i=1

|ui|µSend (k)

= m|VI(S)|−|V (Send )|n|VJ (S)|−1

|V (Send )|∏
k=1

∥u∥µSend (k)

µ
Send (k)

,

where we slightly abuse notation by letting µQ(k) be the number of time k appears in Q.
Consider ∥u∥ll for an arbitrary l ∈ N. When l = 1, ∥u∥ll ≤

√
m by Cauchy-Schwarz. When

l ≥ 2, we have ∥u∥ll ≤ ∥u∥l−2
∞ ∥u∥22 = ∥u∥l−2

∞ . Thus

∑
P∈P(S)

|uP end | ≤
|V (S)|∏
k=1

∥u∥µSend (k)

µ
Send (k)

≤
∏

k∈V2(S)

∥u∥µSend (k)−2
∞ (

√
m)|V1(S

end )| = ∥u∥2p−ν(S)
∞ m|V1(S

end )|/2,

where, we define V1(Q) as the set of vertices appearing in Q exactly once and V2(Q) as the set of
vertices appearing at least twice, and to shorten the notation, we let ν(S) := |V1(S

end )|+2|V2(S
end )|.

Combining the bounds, we get the upper bound below for (104):

M2p(2a+1)
∑
S∈S

M−2|E(S)|m|VI(S)|−|V (Send )|n|VJ (S)|−1∥u∥2p−ν(S)
∞ m|V1(S

end )|/2

= M2p(2a+1)+2
∑
S∈S

M−2|V (S)|m|VI(S)|−ν(S)/2n|VJ (S)|−1∥u∥2p−ν(S)
∞ .

Suppose we fix |V1(S
end )| = x, |V2(S

end )| = y, |VI(S)| = z, |VJ(S)| = t. Let S(x, y, z, t) be the subset
of shapes having these quantities. To further shorten the notation, let M1 := M2p(2a+1)∥u∥2p∞. Then
we can rewrite the above as:

M1

∑
x,y,z,t∈A

M−2(z+t)mz−x/2−ynt−1∥u∥−x−2y
∞ |S(x, y, z, t)|, (105)

whereA is defined, somewhat abstractly, as the set of all tuples (x, y, z, t) such that S(x, y, z, t) ̸= ∅.
We first derive some basic conditions for such tuples. Trivially, one has the following initial bounds:

0 ≤ x, y, 1 ≤ x+ y ≤ z, x+ 2y ≤ 2p, 0 ≤ z, t, z + t ≤ p(2a+ 1) + 1,

where the last bound is due to z + t = |V (S)| ≤ |E(S)| + 1 ≤ p(2a + 1) + 1, since each edge is
repeated at least twice. However, it is not strong enough, since we want the highest power of m
and n combined to be at most 2ap, so we need to eliminate a quantity of p.
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Claim B.5. When each edge is repeated at least twice, we have z − x/2− y + t− 1 ≤ 2ap.

Proof of Claim B.5. Let S = (S1, . . . , S2p), where Sr = jr0ir0jr1ir1 . . . jraira. We have jr0 = 1 for
all r. It is tempting to think (falsely) that when each edge is repeated at least twice, each vertex
appears at least twice too. If this were to be the case, then each vertex in the set

A(S) := {irs : 1 ≤ r ≤ 2p, 0 ≤ s ≤ a− 1} ∪ {jrs : 1 ≤ r ≤ 2p, 1 ≤ s ≤ a} ∪ V1(S
end
)

appears at least twice. The sum of their repetitions is 4ap + x, so the size of this set is at most
2ap + x/2. Since this set covers every vertex, with the possible exceptions of 1 ∈ I and V2(S

end ),
its size is at least z − y+ t− 1, proving the claim. In general, there will be vertices appearing only
once in S. However, we can still use the simple idea above. Temporarily let A1(S) be the set of
vertices appearing once in S and f(S) be the sum of all edges’ repetitions in S. Let S(0) := S.
Suppose for k ≥ 0, S(k) is known and satisfies |A(S(k))| = |A(S)| − k, f(S(k)) = 4pa+ x− 2k and
each edge appears at least twice in S(k). If A1(S

(k)) = ∅, then by the previous argument, we have

2(z − y + t− 1− k) ≤ 4pa+ x− 2k =⇒ z − x/2− y + t− 1 ≤ 2pa,

proving the claim. If there is some vertex in A1(S
(k)), assume it is some irs, then we must have

s ≤ a − 1 and jrs = jr(s+1), otherwise the edge jrsirs appears only once. Create S(k+1) from

S(k) by removing irs and identifying jrs and jr(s+1), we have |A(S(k+1))| = |A(S)| − (k + 1) and

|f(S(k)) = 4pa + x − 2(k + 1). Further, since irs is unique, jrsirs ≡ irsjr(s+1) are the only 2

occurences of this edge in S(k), thus the edges remaining in S(k+1) also appears at least twice.
Now we only have |A1(S

(k+1))| ≤ |A1(S
(k))|, with possible equality, since jrs can be come unique

after the removal, but since there is only a finite number of edges to remove, eventually we have
A1(S

(k)) = ∅, completing the proof of the claim.

Claim B.5 shows that we can define the set A of eligible sizes as follows:

A =
{
(x, y, z, t) ∈ N4

≥0 : 1 ≤ t; 1 ≤ x+ y ≤ z; x+ 2y ≤ 2p; z − x/2− y + t− 1 ≤ 2ap
}
.

(106)
Now it remains to bound |S(x, y, z, t)|.

Claim B.6. Given a tuple (x, y, z, t) ∈ A, where A is defined in Eq. (106), we have

|S(x, y, z, t)| ≤ 2l+1(2p(a+ 1))!(2pa)!(l + 1)2p(2a+1)−2l

(2p(2a+ 1)− 2l)!l!z!(t− 1)!
(16p(a+ 1)− 8l − 2)4p(a+1)−2l−1.

Proof. We use the following coding scheme for each shape S ∈ S(x, y, z, t): Given such an S, we
can progressively build a codeword W (S) and an associated tree T (S) accoding to the following
scheme:

1. Start with VJ = {1} and VI = ∅, W = [] and T being the tree with one vertex, 1.

2. For r = 1, 2, . . . , 2p:

(a) Relabel Sr as 1k1k2 . . . k2a.

(b) For s = 1, 2, . . . , 2a:

• If ks /∈ V (T ) then add ks to T and draw an edge connecting ks−1 and ks, then mark
that edge with a (+) in T , and append (+) to W . We call its instance in Sr a plus
edge.
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• If ks ∈ V (T ) and the edge ks−1ks ∈ E(T ) and is marked with (+): unmark it in T ,
and append (−) to W . We call its instance in Sr a minus edge.

• If ks ∈ V (T ) but either ks−1ks /∈ E(T ) or is unmarked, we call its instance in Sr a
neutral edge, and append the symbol ks to W .

This scheme only creates a preliminary codeword W , which does not yet uniquely determine
the original S. To be able to trace back S, we need the scheme in [35] to add more details to the
preliminary codewords. For completeness, we will describe this scheme later, but let us first bound
the number of preliminary codewords.

Claim B.7. Let PC(x, y, z, t) denote the set of preliminary codewords generable from shapes in
S(x, y, z, t). Then for l := z + t− 1 we have

|PC(x, y, z, t)| ≤ 2l(2p(a+ 1))!(2pa)!(l + 1)2p(2a+1)−2l

(2p(2a+ 1)− 2l)!l!z!(t− 1)!
.

Note that the bound above does not depend on x and y. In fact, for fixed z and t, the right-hand
side is actually an upper bound for the sum of |S(x, y, z, t)| over all pairs (x, y) such that (x, y, z, t)
is eligible. We believe there is plenty of room to improve this bound in the future.

Proof. To begin, note that there are precisely z and t − 1 plus edges whose right endpoint is
respectively in I and J . Suppose we know u and v, the number of minus edges whose right
endpoint is in I and J , respectively. Then

• The number of ways to place plus edges is at most
(
2p(a+1)

z

)(
2pa
t−1

)
.

• The number of ways to place minus edges, given the position of plus edges, is at most(
2p(a+1)−z

u

)(
2pa−t+1

v

)
.

• The number of ways to choose the endpoint for each neutral edge is at most z2p(a+1)−z−ut2pa−t+1−v.

Combining the bounds above, we have

|S(x, y, z, t)| ≤
(
2p(a+ 1)

z

)(
2pa

t− 1

) ∑
u+v=z+t−1

(
2p(a+ 1)− z

u

)(
2pa− t+ 1

v

)
zf(z,u)tg(t,v), (107)

where f(z, u) = 2p(a + 1)− z − u and g(u, v) = 2pa − t + 1− v. Let us simplify this bound. The
sum on the right-hand side has the form∑

i+j=k

(
N

i

)(
M

j

)
zitj ,

where k = 2(p(2a+ 1)− (z + t− 1)), N = 2p(a+ 1)− z, M = 2pa− t+ 1. We have

∑
i+j=k

(
N

i

)(
M

j

)
zitj =

∑
i+j=k

N !M !

k!(N − i)!(M − j)!

(
k

i

)
zitj ≤

∑
i+j=k

N !M !

k!

(z + t)k

(N − i)(M − j)!

≤ N !M !(z + t)k

k!(M +N − k)!

∑
i+j=k

(
M +N − k

N − i

)
≤ 2M+N−kN !M !(z + t)k

k!(M +N − k)!
.
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Replacing M , N and k with their definitions, we get∑
u+v=z+t−1

(
2p(a+ 1)− z

u

)(
2pa− t+ 1

v

)
zf(z,u)tg(t,v)

≤ 2z+t−1(2p(a+ 1)− z)!(2pa− t+ 1)!(z + t)2p(2a+1)−2(z+t−1)

(2p(2a+ 1)− 2(z + t− 1))!(z + t− 1)!
,

replacing z + t− 1 with l, we prove the claim.

Back to the proof of Claim B.6, to uniquely determine the shape S, the general idea is the
following. We first generated the preliminary codeword W from S, then attempt to decode it. If
we encounter a plus or neutral edge, we immediately know the next vertex. If we see a minus edge
that follows from a plus edge (u, v), we know that the next vertex is again u. Similarly, if there are
chunks of the form (++ . . .+−− . . .−) with the same number of each sign, the vertices are uniquely
determined from the first vertex. Therefore, we can create a condensed codeword W ∗ repeatedly
removing consecutive pairs of (+−) until none remains. For example, the sections (−+−+−) and
(−++−−) both become (−). Observe that the condensed codeword is always unique regardless
of the order of removal, and has the form

W ∗ = [(+ . . .+) or (− . . .−)] (neutral) [(+ . . .+) or (− . . .−)] . . . (neutral) [(+ . . .+) or (− . . .−)],

where we allow blocks of pure pluses and minuses to be empty. The minus blocks that remain in
W ∗ are the only ones where we cannot decipher.

Recall that during decoding, we also reconstruct the tree T (S), and the partial result remains
a tree at any step. If we encounter a block of minuses in W ∗ beginning with the vertex i, knowing
the right endpoint j of the last minus edge is enough to determine the rest of the vertices, which
is just the unique path between i and j in the current tree. We call the last minus edge of such a
block an important edge. There are two cases for an important edge.

1. If i and all vertices between i and j (excluding j) are only adjacent to at most two plus
edges in the current tree (exactly for the interior vertices), we call this important edge simple
and just mark the it with a direction (left or right, in addition to the existing minus). For
example, (−− . . .−) becomes (−− . . . (−dir)) where dir is the direction.

2. If the edge is non-simple, we just mark it with the vertex j, so (− − . . .−) becomes (− −
. . . (−j)).

It has been shown in [35] that the fully codeword W resulting from W by marking important edges
uniquely determines S, and that when the shape of S is that of a single walk, the cost of these
markings is at most a multiplicative factor of 2(4N +8)N , where N is the number of neutral edges
in the preliminary W . To adapt this bound to our case, we treat the star shape S as a single walk,
with a neutral edge marked by 1 after every 2a+1 edges. There are 2p−1 additional neutral edges
from this perspective, making N = 4p(a+ 1)− 2l − 1 in total. Combining this with the bound on
the number of preliminary codewords (Claim B.7) yields

|S(x, y, z, t)| ≤ 2l+1(2p(a+ 1))!(2pa)!(l + 1)2p(2a+1)−2l

(2p(2a+ 1)− 2l)!l!z!(t− 1)!
(16p(a+ 1)− 8l − 2)4p(a+1)−2l−1,

where l = z + t− 1. Claim B.6 is proven.
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Back to the proof of Lemma B.3. Temporarily let

Gl := 2p(2a+ 1)− 2l and Fl :=
2l+1(l + 1)Gl

Gl!l!
(4Gl + 8p− 2)Gl+2p−1.

Note that (2p(a+ 1))!(2pa)!Fl is precisely the upper bound on |S(x, y, z, t)| in Claim B.6. Also let

M2 = M1(2p(a+ 1))!(2pa)! = M2p(2a+1)(2p(a+ 1))!(2pa)!∥u∥2p∞.

Replacing the appropriate terms in the bound in Claim B.6 with these short forms, we get another
series of upper bounds for the last double sum in Eq. (104):

M2

∑
x,y

∥u∥−x−2y
∞

⌊2pa+x/2+y⌋∑
l=x+y

M−2(l+1)Fl

∑
z+t=l+1

mz−x/2−ynt−1

z!(t− 1)!

≤ M2

∑
x,y

∥u∥−x−2y
∞

⌊2pa+x/2+y⌋∑
l=x+y

M−2(l+1)Fl

(l − ⌊x2 ⌋ − y)!

∑
z+t=l+1

(
l − ⌊x2 ⌋ − y

z − ⌊x2 ⌋ − y

)
mz−⌊x

2
⌋−ynt−1

≤ M2

∑
x,y

∥u∥−x−2y
∞

⌊2pa+x/2+y⌋∑
l=x+y

M−2(l+1)Fl

(l − ⌊x2 ⌋ − y)!
(m+ n)l−⌊x

2
⌋−y.

Temporarily let Cl be the term corresponding to l in the sum above. For l ≥ x+ y + 1, we have

Cl

Cl−1
=

2(m+ n)(Gl + 1)(Gl + 2)

M2l3(4Gl + 8p− 2)2(l − ⌊x2 ⌋ − y)

(
1 +

1

l

)Gl
(
1− 4

2Gl + 4p+ 3

)Gl+2p+1

.

The last power is approximately e−2 ≈ 0.135, and for p ≥ 7 a routine numerical check shows that
it is at least 1/8. The second to last power is at least 1. The fraction be bounded as below.

2(m+ n)(Gl + 1)(Gl + 2)

M2l3(4Gl + 8p− 2)2(l − ⌊x2 ⌋ − y)
≥ 2(m+ n) · 1 · 2

M2l4(8p− 2)2
≥ m+ n

16M2l4p2
≥ m+ n

16M2p6(2a+ 1)4
.

Therefore, under the assumption that m+n ≥ 256M2p6(2a+1)4, we have Cl ≥ 2Cl−1 for all l ≥ 1,
so
∑

l Cl ≤ 2Cl∗ , where l∗ = ⌊2pa+ x/2 + y⌋, the maximum in the range. We have

2Cl∗ ≤ 2(m+ n)2pa
(2M−2)2pa+⌊x

2
⌋+y+1(2pa+ ⌊x2 ⌋+ y + 1)2(p−⌊x

2
⌋−y)

(2(p− ⌊x2 ⌋ − y))! · (2pa+ ⌊x2 ⌋+ y)! · (2pa)!

·
(
16p− 8

⌊x
2

⌋
− 8y − 2

)4p−2⌊x
2
⌋−2y−1

.

Temporarily let d = p− (⌊x2 ⌋+ y) and N = p(2a+ 1), we have

2Cl∗ ≤ 2(m+ n)2pa
(2M−2)N−d+1(N − d+ 1)2d(8p+ 8d− 2)2p+2d−1

(2pa)! · (2d)! · (N − d)!
.

For each d, there are at most 2(p− d) pairs (x, y) such that d = p− (⌊x2 ⌋+ y), so overall we have
the following series of upper bounds for the last double sum in Eq. (104):

M2(m+ n)2pa
p−1∑
d=0

4(p− d)∥u∥−2(p−d)
∞ · (2M

−2)N−d+1(N − d+ 1)2d(8p+ 8d− 2)2p+2d−1

(2pa)! · (2d)! · (N − d)!

≤ M3(m+ n)2pa
p−1∑
d=0

∥u∥2d∞ · 2
−dM2d(N − d+ 1)2d(8p+ 8d− 2)2p+2d−1

(2d)! · (N − d)!
,

(108)

48



where

M3 = 4p
M2∥u∥−2p

∞ (2M−2)N+1

(2pa)!
= 2p(2a+1)+3pM−2(2p(a+ 1))!.

Let us bound the sum at the end of Eq. (108). Temporarily let Ad be the term corresponding to d
and x := 2−1/2M∥u∥∞. We have

Ad =
x2d(N − d+ 1)2d

(2d)!(N − d)!
(8p+ 8d− 2)2p+2d−1 ≤ x2dN3d

(2d)!N !

(16p)2p+2d

8p
.

Therefore

p−1∑
d=0

Ad ≤ (16p)2p

8pN !

p−1∑
d=0

(16pN3/2x)2d

(2d)!
≤ (16p)2p

8pN !

p−1∑
d=0

(
2p

2d

)
(16pN3/2x)2d

e2d

(2p)2d

=
(16p)2p

8pN !
(8eN3/2x+ 1)2p ≤ (16p)2p

8pN !
(16N3/2M∥u∥∞ + 1)2p.

Plugging this into Eq. (108), we get another upper bound for (104):

M4(16N
3/2M∥u∥∞ + 1)2p(m+ n)2ap,

where

M4 := M3
(16p)2p

8pN !
= 2p(2a+1)+3pM−2(2p(a+ 1))!

(16p)2p

8p(2ap+ p)!
≤ 22ap210pp3p(a+ 1)p

8M2
.

To sum up, we have

E
[∥∥eTn,1(ETE)aETU

∥∥2p] ≤ rp
∑
S∈S

∑
P∈P(S)

uP end |E [EP ] |

≤ rp22ap210pp3p(a+ 1)p

8M2
(16N3/2M∥u∥∞ + 1)2p(m+ n)2ap

≤
(
25r1/2p3/2

√
2a+ 1(24p3/2(2a+ 1)3/2M∥u∥∞ + 1) · [2(m+ n)]a

)2p
.

Let D > 0 be arbitrary. By Markov’s inequality, for any p such that m+n ≥ 28M2p6(2a+1)4, the
moment bound above applies, so we have∥∥eTn,1(ETE)aETU

∥∥ ≤ Dr1/2p3/2
√
2a+ 1(16p3/2(2a+ 1)3/2M∥u∥∞ + 1)[2(m+ n)]a

with probability at least 1−(25/D)2p. Replacing ∥u∥∞ with 1√
r
∥U∥2,∞, we complete the proof.

B.2.2 Case 2: even powers

Proof. Without loss of generality, assume k = 1. We can reuse the first part and the notations
from the proof of Lemma B.3 to get the bound

E
[∥∥eTn,1(ETE)aV

∥∥2p] ≤ rp
∑
S∈S

∑
P∈P(S)

vP end |E [EP ] |,

where vi = r−1/2∥V·,i∥. Again,

∥v∥ = 1 and ∥v∥∞ = r−1/2∥V ∥2,∞,
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and S is the set of shapes such that every edge appears at least twice, P(S) is the set of stars
having shape S, and

EP =
∏

ij∈E(P )

E
mP (ij)
ij , and vQ =

∏
j∈V (Q)

v
mQ(j)
j .

Note that a shape for a star now consists of walks of length 2a:

S = (S1, S2, . . . , S2p) where Sr = jr0ir0jr1ir1 . . . jra.

We have, for any shape S and P ∈ P(S),

E [EP ] ≤ M4pa−2|E(S)| ≤ M2pa−2|V (S)|+2, |vP end | ≤ ∥v∥2p∞, and |P(S)| ≤ m|VI(S)|n|VJ (S)|−1,

where the power of n in the last inequality is due to 1 having been fixed in VJ(S). Therefore∑
S∈S

∑
P∈P(S)

vP end |E [EP ] | ≤ M1

∑
S∈S

M−2|V (S)|m|VI(S)|n|VJ (S)|−1, where M1 := M4pa+2∥v∥2p∞.

Let S(z, t) be the set of shapes S such that |VI(S)| = z and |VJ(S)| = t. Let A be the set of eligible
indices:

A :=
{
(z, t) ∈ N2 : 0 ≤ z, 1 ≤ t, and z + t ≤ 2pa+ 1

}
.

Using the previous argument in the proof of Lemma B.3 for counting shapes, we have for (z, t) ∈ A:

|S(z, t)| ≤ [(2pa)!]2Fl

z! · (t− 1)!
mznt−1, where l := z + t− 1 ∈ [2pa],

where

Gl := 4ap− 2l and Fl :=
2l+1(l + 1)Gl

Gl!l!
(4Gl + 8p− 2)Gl+2p−1.

We have ∑
S∈S

∑
P∈P(S)

vP end |E [EP ] | ≤ M1

2ap∑
l=0

M−2(l+1)[(2ap)!]2Fl

∑
z+t=l+1

mznt−1

z! · (t− 1)!

= M2

2ap∑
l=0

M−2lFl

l!

∑
z+t=l+1

(
l

z

)
mznt−1 = M2

2ap∑
l=0

M−2lFl

l!
(m+ n)l,

where M2 := M1[(2pa)!]
2M−2 = M4ap[(2pa)!]2∥v∥2p∞. Let Cl be the term corresponding to l in

the last sum above. An anlogous calculation from the proof of Lemma B.3 shows that under the
assumption that m+ n ≥ 256M2p6(2a)4, Cl ≥ 2Cl−1 for each l, so

∑2pa
l=0Cl ≤ 2C2pa, where

C2pa =
M−4ap22ap+1(8p− 2)2p−1

[(2ap)!]2
(m+ n)2ap.

Therefore

E
[∥∥eTn,1(ETE)aV

∥∥2p] ≤ rp
∑
S∈S

∑
P∈P(S)

vP end |E [EP ] |

≤ 2rpM2
M−4ap22ap+1(8p− 2)2p−1

[(2ap)!]2
(m+ n)2ap = 4

(
23pr1/2∥v∥∞[2(m+ n)]a

)2p
.

Pick D > 0, by Markov’s inequality, we have

P
(∥∥eTn,1(ETE)aV

∥∥ ≥ Dpr1/2∥v∥∞[2(m+ n)]a
)
≤
(
16p

D

)2p

.

Replacing ∥v∥∞ with r−1/2∥V ∥2,∞, we complete the proof.
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